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1. Introduction 



This paper is a continuation of our paper [AP2]. In [AP2] we obtained sharp estimates 
for the norms of / (^4) — f{B) in terms of the norm of A—B for various classes of functions 
/. Here A and B are self- adjoint operators on Hilbert space and / is a function on the 
real line M. We also obtained in [AP2] sharp estimates for the norms of higher order 
differences 

(A^/) {A) [""jfiA + jK), (1-1) 

where A and K are self-adjoint operators. Similar results were obtained in [AP2] for 
functions of unitary operators and for functions of contractions. 

In this section we are going to obtain sharp estimates for the Schatten-von Neumann 
norms of first order differences f{A) — f{B) and higher order differences (A^/)(A) for 
functions / that belong to a Holder-Zygmund class Aq,(M), < a < oo, (see §2 for the 
definition of these spaces). 

In particular we study the question, under which conditions on / the operator 
f{A) — f{B) (or (A^/)(^)) belongs to the Schatten-von Neumann class Sq, when- 
ever A — B (or K) belongs to Sp. 

We also obtain related results for more general ideals of operators on Hilbert space 
(see §3 for the introduction to operator ideals on Hilbert space). 

In connection with the Lifshits-Krein trace formula, M.G. Krein asked in [Kr] 
the question whether f{A) — f{B) G Si, whenever / is a Lipschitz function (i.e., 
\f{x) — f{y)\ < const I X — y\, x, y G M) and A — B £ Si. Functions / satisfying 
this property are called trace class perturbations preserving. 

Farforovskaya constructed in [F] an example that shows that the answer to the Krein 
question is negative. 

Later in [Pe3] and [Pc5] necessary conditions and sufficient conditions for / to be 
trace class perturbations preserving were found. It was shown in [Pe3] and [Pe5] that if 
/ belongs to the Besov space 5^^(M) (see § 2), then / is trace class perturbations pre- 
serving. On the other hand, it was shown in [Pe3] that if / is trace class perturbations 
preserving, then it belongs to the Besov space -Bi(M) locally. This necessary condition 
also proves that a Lipschitz function does not have to be trace class perturbations pre- 
serving. Moreover, in [PeS] and [Pe5] a stronger necessary condition was also found. 
Note that a function is trace class perturbations preserving if and only if it is operator 
Lipschitz (see [Pe3] and [KS]). 

We also mention here the paper [Pc4], in which analogs of the above results were 
obtained for perturbations of class Sp with p G (0, 1). 

On the other hand, Birman and Solomyak in [BS3] proved that a Lipschitz function 
/ must preserve Hilbert-Schimidt class perturbations: f{A) — f{B) £ ^2, whenever 
A - B e S2 and 

\\f{A) - f{B)\\s, < sup l^^f ~y P - B\\s,. 



To prove that result, Birman and Solomyak developed in [BSl], [BS2], and [BS3] their 
beautiful theory of double operator integrals and established a formula for f{A) — f{B) 
in terms of double operator integrals (see § 4) . Note also that the paper [KS] studies 
functions that preserve perturbations belonging to operator ideals. 

We mention here two recent results. In [NP] it was proved that if / is a Lipschitz 
function and rank(^ — 5) < oo, then f{A) — f{B) belongs the weak space Si^oo (see 
§ 3 for the definition). It was also shown in [NP] that ii A - B e Si, then f{A) - f{B) 
belongs to the ideal Sq, i.e., 

n 

J2 if (A) - f{B)) < const log(2 + n). 

j=0 

(here sj is the jth singular value). This allowed the authors of [NP] to deduce that for 
p > 1 and e > 0, the operator f{A) — f{B) belongs to Sp+e, whenever / is a Lipschitz 
function and A — B e Sp. 

The epsilon was removed later in [PS] in the case 1 < p < oo. It was shown in [PS] 
that for p G (1, oo), the operator f{A) — f{B) belongs to Sp, whenever A — B £ Sp and 
/ is a Lipschitz function. 

Note that similar results also hold for functions on the unit circle T and unitary 
operators. 

It was shown in [BKS] that if A and B are positive self-adjoint operators and J 
is a normed ideal of operators on Hilbert space with majorization property, then for 
a G (0, 1), the following inequality holds: 

||A"-S°^||3< II |y4-S|°^||^. 

In this paper we study the problem under which conditions on a function / and a 
(quasi)normed ideal 3 of operators on Hilbert space the following inequality holds: 

\\f{A)-f{B)\\^<const\\\A-Br\\y 

In Section 5 of this paper among other results we show that if / belongs to the Holder 
class Aa, < q; < 1, and 1 < p < oo, then f{A) — f{B) G Sp/^ and 

\\f{A) - /(i?)||s^/^ < const ||/||a„(k)P " Birs^. 

On the other hand, this is not true for p = 1 (a counter-example is given in § 9). Nev- 
ertheless, for p = 1, under the assumptions that / G Aq(M) and A — B G Si, we 
prove that f{A) — f{B) belongs to the weak space Si_ ^. To make the conclusion that 

f{B) — f{A) G Si/ a under the assumption that A — B £ Si, we need the stronger 
condition: / belongs to the Besov space B^i. We also obtain similar results for other 
ideals of operators on Hilbert space. In particular, we show that for every p G (l,oo) 
and every Z > 0, the following inequality holds 

^ (.,(i/(^) - f{B)\y-)y < const Yl - B)r, 

j=0 j=0 

where the constant does not depend on I. We also establish in § 5 similar results for 
higher order differences (A^/)(A) and functions / G Aq,(M) with a G [m — l,m). 
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In § 6 we obtain analogs of the result of § 5 for functions on T and unitary opera- 
tors, while in § 7 we establish similar results for functions analytic in the unit disk and 

contractions. 

In Section 8 we obtain refinements of some results of § 6 in the case of finite rank 
perturbations of unitary operators. We also give some necessary conditions on a function 
/ for f{U) — f{V) to belong to Sq, whenever U — V e Sp. Analogs of the results of § 8 
for self-adjoint operators are given in § 9. 

In § 10 we consider the problem of evaluating the trace of f{A — K) — 2f{A) + f{A + K) 
under the assumptions that K e S2 and / belongs to the Besov class B^^(M). We 
introduce a spectral shift function <j associated with the pair {A, K) and establish the 
following trace formula: 

trace {f{A - K) - 2f{A) + f{A + K)) = [ dx. 

JR 

We also show that similar results hold in the case of unitary operators. 

The final section 11 is devoted to estimates of commutators and quasicommutators 
in the norm of Schatten-von Neumann classes (as well as in the norms of more general 
operator ideals). We consider a bounded operator Q, self-adjoint operators A and B and 
for a function / € A„(R), we prove that f{A)Q — Qf{B) £ Sp/^, whenever p > 1 and 
AQ — QB G Sp. We also obtain norm estimates for f{A)Q — Qf{B) that are similar to 
the estimates obtained in § 5 for first order differences f{A) — f{B). 

In § 2 we give a brief introduction to Besov spaces and, in particular, we discuss 
Holder-Zygmund classes Aq,(M), < a < 00. 

In Section 3 we introduce quasinormed ideals of operators on Hilbert space and define 
the upper Boyd index of a quasinormed ideal. 

In § 4 we give an introduction to the Birman-Solomyak theory of double operator 
integrals which will be used in the paper to obtain desired estimates. We also define 
multiple operator integrals and multiple operator integrals with respect to semi-spectral 
measures. 

Note that in this paper we give detailed proofs in the case of bounded self-adjoint 
operators and explain briefly that the same results also hold in the case of unbounded 
self-adjoint operators. We are going to consider in detail the case of unbounded self- 
adjoint operators in [AP3]. Note also that we are going to consider separately in [AP4] 
similar problems for perturbations of dissipative operators and improve earlier results of 
[Nab]. 

The main results of this paper have been announced without proofs in [API]. 



2. Besov spaces 

The purpose of this section is to give a brief introduction to Besov spaces that play 
an important role in problems of perturbation theory. We start with Besov spaces on 
the unit circle. 
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Let 1 < p, q < oo and s G M. The Besov class B^^ of functions (or distributions) on 
T can be defined in the following way. Let w be an infinitely differentiable function on 
M such that 



w > 0, supp w C 



, and w{x) = l-w(^^ for x e [1,2]. (2.1) 
Consider the trigonometric polynomials Wn, and Wn defined by 
Wn{z)=J2^(^) n>h Woiz) = z + l + z, and W^|(z) = n > 0. 



fcez 

Then for each distribution / on T, 

n>0 n>l 

The Besov class Bp^ consists of functions (in the case s > 0) or distributions / on T such 
that 

{||2'^7*W-„|Up}^^^G^« and {||2"7 * wIUlp}^^^ G (2.2) 

Besov classes admit many other descriptions. In particular, for s > 0, the space B^g 
admits the following characterization. A function f E LP belongs to Bpg, s > 0, if and 
only if 

- — ^'fl dm{T) <oo for g < oo 

/qp 1 1 — T| " 

and 



/ 



sup \\f^'^^\\^'" < oo for g = oo, (2.3) 

where m is normalized Lebesgue measure on T, n is an integer greater than s, and A^, 
r G T, is the difference operator: 

(A./)(C) = /(rC)-/(C), CGT. 
We use the notation B^ for 13*^. 

dcf 

The spaces = 5^ form the Hdlder-Zygmund scale. If < a < 1, then / G A^ if 
and only if 

1/(0 - /(r)| <const|C- rr, C, r G T, 

while / G Ai if and only if / is continuous and 

|/(Cr) - 2/(0 + /(Cr)| < const |1 - t|, CtET. 

By (2.3), a > 0, / G Aq, if and only if / is continuous and 

|(A-/)(0|< const |l-rr, 

where ra is a positive integer such that n > a. 

Note that the (semi)norm of a function / in Aq is equivalent to 

SUp2^''{\\f*Wn\\Loo + \\f*Wl\\Loo). 
n>l 
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It is easy to see from the definition of Besov classes that the Riesz projection P_|_, 

P+/ = J]/(n)z-, 

n>0 

is bounded on i?p^. Functions in (Sp^)^ *== ¥-^-Bpg admit a natural extension to analytic 
functions in the unit disk D. It is well known that the functions in (-Bp^)^ admit the 
following description: 

feiB;^),^ /\l-r)?(-^)-i||/(-)||^dr<oo, g < oo, 

^0 

and 

/ e {b;oo)+ ^ sup (1 - rr-^||/(")||p < DO, 

0<r<l 

where /r(C) '= f{i~0 n is a nonnegative integer greater than s. 

Let us proceed now to Besov spaces on the real line. We consider homogeneous Besov 
spaces Bpq{R) of functions (distributions) on M. We use the same function w as in (2.1) 

and define the functions W„ and w| on R by 

where ^ is the Fourier transform: 

{^f)(t)= [ /(x)e--*dx, feL\ 
Jr 

With every tempered distribution / G S^'{M.) we associate a sequences {/n}ngz, 

fn = f*Wn + f* Wl 

Initially we define the (homogeneous) Besov class Bp^iM) as the set of all / G 
such that 

{2"1|/„||lp W G ^"(Z)- (2.4) 

According to this definition, the space i?pg(M) contains all polynomials. Moreover, the 
distribution / is defined by the sequence {/n}nez uniquely up to a polynomial. It is 
easy to see that the series Xyn>o/" converges in =5^'(M). However, the series ^^^^o fn 

~ ■ s-^ (r) 

can diverge in general. It is easy to prove that the series 2Jri<o /" converges uniformly 
on M for each nonnegative integer r > s — 1/p. Note that in the case q = 1 the series 

'l2n<of^^ converges uniformly whenever r > s — l/p. 

Now we can define the modified (homogeneous) Besov class Bpq{R). We say that a 

distribution / belongs to B^,(R) if {2^'\\fn\\L^}n€Z e ^*(Z) and = Enez /"'^ in 
the space o5^'(R), where r is the minimal nonnegative integer such that r > s — l/p 
(r > s — l/p ii q = 1). Now the function / is determined uniquely by the sequence 
{fn}nez up to a polynomial of degree less that r, and a polynomial ip belongs to Bpg{M.) 
if and only if deg (p < r. 
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We use the same notation Wn and Wn for functions on T and on M. This will not lead 
to a confusion. 

Besov spaces Bp^iM) admit equivalent definitions that are similar to those discussed 
above in the case of Besov spaces of functions on T. In particular, the Holder-Zygmund 

def 

classes Aa(M) = ^^^(M), a > 0, can be described as the classes of continuous functions 
/ on R such that 

|(Ar/)(x)| < const teR, 
where the difference operator At is defined by 

{Atf){x)=f{x + t)-f{x), xGR, 

and m is an integer greater than a. 

As in the case of functions on the unit circle, we consider the following (semi)norm on 
Aa(M): 

sup 2"" (11/ * Wnh'- + 11/ * WlU'^), f G A„(R). 

neZ 

We refer the reader to [Pee] and [Pe6] for more detailed information on Besov spaces. 



3. Ideals of operators on Hilbert space 

In this section we give a brief introduction to quasinormed ideals of operators on 
Hilbert space. First we recall the definition of quasinormed vector spaces. 

Let X be a vector space. A functional || • || : X ^ [0, oo) is called a quasinorm on X if 

(i) ||x|| = if and only if a; = 0; 

(ii) \\ax\\ = \a\ ■ \\x\\, for every x E X and a G C; 

(iii) there exists a positive number c such that + < c(||a;|| + ||y||) for every x and 
y in X. 

We say that a sequence {xj}j>i of vectors of a quasinormed space X converges to 
X G X if lim — a;|| = 0. It is well known that there exists a translation invariant 

metric on X which induces an equivalent topology on X. A quasinormed space is called 
quasi-Banach if it is complete. 

To proceed to operator ideals on Hilbert space, we also recall the definition of singular 
values of bounded linear operators on Hilbert space. Let T be a bounded linear operator. 
The singular values Sj{T), j > 0, are defined by 

Sj(r) = inf {||r- : ranki?<j}. 

Clearly, so{T) = \\T\\ and T is compact if and only if Sj(T) as j ^ oo. 

For a bounded operator T on Hilbert space we also introduce the sequence {(T„(r)}„>o 
defined by 

MT) = -^J2'^(n (3.1) 

j=o 
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Definition. Let be a Hilbert space and let Di be a linear manifold in the set ^(,^) 
of bounded linear operators on that is equipped with a quasi-norm || • that makes 
3 a quasi-Banach space. We say that J is a quasinormed ideal if for every A and B in 
^(JT) and Te3, 

ATBe3 and prS||j < p|| • • ||T||a 

A quasinormed ideal J is called a normed ideal if || • is a norm. 
Note that we do not require that 3 ^ M{J'^). 

It is easy to see that if Ti and T2 are operators in a quasinormed ideal 3 and Sj{Ti) = 
Sj(T2) for j > 0, then ||Ti||3r = ||r2||3. Thus there exists a function ^' = ^'3 defined 
on the set of nonincreasing sequences of nonnegative real numbers with values in [0, 00] 
such that T G J if and only if ^'(so(r), si{T), S2{T), ■ ■ ■ ) < 00 and 

||r|b = *(so(r), si{T), S2(T), • • • ), T G X 
If T is an operator from a Hilbert space to a Hilbert space , we say that T belongs 

to^if *(so(r),si(T),s2(r),-- - ) <oo. 

For a quasinormed ideal 3 and a positive number p, we define the quasinormed ideal 
3^P^ by 

3{p} = {t: {T*TY^^e3}, ||r||,M = 

If T is an operator on a Hilbert space Jif and d is a positive integer, we denote by [r]^ 
d 

the operator on Tj on the orthogonal sum of d copies of Jf, where Tj = T, 1 < j < d. 

j=i 

It is easy to see that 

Sn{[T]d) = sin/d]{T), n > 0, 

where [x] denotes the largest integer that is less than or equal to x. 

We denote by /Jg^^ the quasinorm of the transformer T 1— [T]a on 3. Clearly, the 
sequence {/33r,d}d>i is nondecreasing and submultiplicative, i.e., P3,did2 ^ h,dih,d2- 
well known that the last inequality implies that 

hm = inf (3.3) 

d^oo log a d>2 log a 

An analog of (3.3) for submultiplicative functions on (0, 00) is proved in [KPS], Ch. 
II, Th. 1.3. To reduce the case of sequences to the case of functions, one can proceed as 
follows. Suppose that {/?«}«>! is a nondecreasing submultiplicative sequence such that 
/?! = 1. We can define the function v on (0, 00) by v{t) = min{/3„ : n > t}. Then 
v(n) = Pn and to prove (3.3), it suffices to apply Theorem 1.3 of Ch. 2 of [KPS] to the 
function v. 

Definition. If J is a quasinormed ideal, the number 

a def log/3j,(i . „ log/33,d 

Pj = lim — r- = mf — r- 

d-»oo logOt d>2 log a 

is called the upper Boyd index of 3. 
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3.2 



1/p 



It is easy to see that < 1 for an arbitrary normed ideal 3. It is also clear that 
/3j < 1 if and only if lim = 0. 

Note that the upper Boyd index does not change if we replace the initial quasinorm 
in the quasinormed ideal with an equivalent one that also satisfies (3.2). It is also easy 
to see that 

f^jip} = P~ Vat- 
Theorem 3.1 below is known to experts. Its analog for symmetrically normed spaces 
can be found in [KPS], Ch. 2, Th. 6.6. A similar method can be used to prove Theorem 
3.1. We give a proof here for reader's convenience. 

Theorem 3.1. Let J be a quasinormed ideal. The following are equivalent: 

(i) < 1; 

(ii) for every nonincreasing sequence {sn}>o of nonnegative numbers, 

*j({'7n}n>o) < const *3({s„}„>o) , (3.4) 

where an *== (1 + n)~^ ^ sj. 

j=Q 

In the proof of Theorem (3.1) we are going to use an elementary fact that if ^ x„ is 

n>l 

a series of vectors in a quasi-Banach space X such that ||a;„|| < const 7" for some 7 < 1, 
then the series converges in X. This is obvious if C7 < 1, where c is the constant in the 
definition of quasinorms. In the general case we can partition the series Yl in several 

n>l 

series, after which each resulting series satisfies the above assumption. 

Proof of Theorem 3.1. Let us first show that (i)^(ii). Suppose that < 6 < 1. 
Then there exists C > such that jdj^a < CS'^ for all positive d. Let {sn}n>o be a 
nonincreasing sequence of positive numbers such that ^({s„}„>o) < 00. Let {ej}j>o 
be an orthonormal basis in a Hilbert space ,Jif. For > 0, we consider the operator 
Ak G ^(Jf ) defined by AkCj = S[2-fcj]ej, j > 0. It is easy to see that is unitarily 
equivalent to the operator [^0] 2*= 

\\Akh < C2*'Po|b = C2^''^{{sn}n>o). 

00 

It follows that the series A= J2 converges in 3 and \\A\\j < c^'({s„}„>o), where 

k=0 

00 

c is a positive number. Clearly, Sn{A) = ^ 2~*^sr „ i . 
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We have 

n l+[log2n] [2-*+in]-l l+[log2n] 

j=0 k=l j=[2-'=n] k=l 

l+[log2"] oo 

< Sn + E (2"*"" + 1) «[2-fcn] < Sn + 3n ^ 
k=l k=l 

oo 

<3(n + l)^2-%-.,]. 
A;=0 

Hence, (T„ < 3sn(A), n > 0, and so 

*3(K}n>o) < 3*(K(^)}„>o) = 3p||j < 3c*3({s„}„>o). 

Let us prove now that (ii)^(i). Let {sn}n>o be a nonincreasing sequence of nonneg- 
ative numbers. Put 



^ def 1 



n+1 E - n+ 1 E I A;+ 1 E '^J' I " n+ 1 E I E k + 1 

k=0 k=0 \ j=0 J j=0 \k=j 



n + 

For an arbitrary positive integer d, we have 

S[n/d] 



n + 



.7=0 \fe=j / \fe=[n/d] / 



n + 2 log d 



^ ([n/^ + l)g[n/d] r ^ ^[n/d], ^ - ■ - :^ , 

- n + 1 7[„/<i]X+l- d '°^[n/d] + l- d '["/'^- 

This together with inequahty (3.4) apphed twice yields 

d d 

for d >2. Thus < d for sufficiently large d, and so < 1. ■ 

Remark. Suppose that J is a normed ideal and let C^j be the best possible constant 
in inequality (3.4). It is easy to see from the proof of Theorem 3.1 that 



oo 



Ca<3j]2-%,2.. (3.5) 

fe=0 

Let Sp, < p < oo, he the Schatten-von Neumann class of operators T on Hilbert 
space such that 

\j>o 
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This is a normed ideal for p > 1. We denote by S'^^oo < p < oo, the ideal that consists 
of operators T on Hilbert space such that 

\\TWJ=i^Ml+j){s,iT)Y 

Vi>o 

The quasinorm || • ||p,oo is not a norm, but it is equivalent to a norm if p > 1. It is easy 
to see that 

/3s^ = /^S^.oc = -> 0<p<oo. 

Thus Sp and Sp^oo satisfy the hypotheses of Theorem 3.1 for p > 1. 
It follows easily from (3.5) that for p > 1, 

Cs,< 3(1- 2Vf-i)-\ 

Suppose now that J is a quasinormed ideal of operators on Hilbert space. With 
a nonnegative integer / we associate the ideal '^'^J that consists of all bounded linear 
operators on Hilbert space and is equipped with the norm 

*(i)a('So,si,S2,---) = *(so,si,--- ,sz,0,0, •••). 

It is easy to see that for every bounded operator T, 

||T||(Og = sup{||i?T||3 : II-RII < 1, ranki?<Z + l} 

= sup{||Ti?||a : ||i?|| < 1, ranki?<Z + l}. 
The following fact is obvious. 

Lemma 3.2. Let 3 he a quasinormed ideal. Then for all 1>Q, 

C(i)3 < C^. 

We refer the reader to [GK] and [BS4] for further information on singular values and 
normed ideals of operators on Hilbert space. 




4. Multiple operator integrals 



3.1. Double operator integrals. In this subsection we review some aspects of the 
theory of double operator integrals. Double operator integrals appeared in the paper 
[DK] by Daletskii and S.G. Krein. In that paper the authors obtained the following 
formula 

±{j{A + tK)-f{A))\^^^ = J J M-^MdEA{x)KdEA{y) 

for a function / of class C^(R), and bounded self-adjoint operators A and K {Ea stands 
for the spectral measure of ^4). However, the beautiful theory of double operator integrals 
was developed later by Birman and Solomyak in [BSl], [BS2], and [BS3], see also their 
survey [BS6]. 
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Let {^,Ei) and (^,£^2) be spaces with spectral measures and E2 on Hilbert 
spaces J^i and J^. Let us first define double operator integrals 



1 1 ^x,y)dE,{x)QdE2{y), 



(4.1) 



for bounded measurable functions $ and operators Q : ^\ of Hilbert-Schmidt 

class <S'2. Consider the set function F whose values are orthogonal projections on the 
Hilbert space ^2 , ^ ) of Hilbert-Schmidt operators from to , which is defined 
on measurable rectangles by 

F(Ai X A2)Q = £i(Ai)Q£2(A2), Q G 52(^2,^1), 

Ai and A2 being measurable subsets of ^ and ^ . Note that left multiplication by 
£Ji(Ai) obviously commutes with right multiplication by £'2(^2). 

It was shown in [BS5] that F extends to a spectral measure on =^ x If $ is a 
bounded measurable function on =^ x we define 



Clearly, 



y" y" dEi{x)QdE2{y) 



J J ^x,y)dEi{x)QdE2{y) 



<^dF\Q. 



< II^IIl-iiqiIs^. 



S2 



If the transformer 



J J Hx,y)dEi{x)QdE2iy) 



maps the trace class S\ into itself, we say that $ is a Schur multiplier of Si associated 
with the spectral measures Ei and E2. In this case the transformer 



Q^J J ^x,y)dE2{y)QdEi{x), QeS2{^i,^2) 



(4.2) 



extends by duality to a bounded linear transformer on the space of bounded linear 
operators from to and we say that the function * on =^2 x ^1 defined by 

*(y,x) = $(x,y) 

is a Schur multiplier of the space of hounded linear operators associated with E2 and Ei. 
We denote the space of such Schur multipliers by 9Jt(£'2, -Ei). We also use the notation 

m{E) = m{E,E). 

To state a very important formula by Birman and Solomyak, we consider for a con- 
tinuously differential function / on M, the divided difference 2)/, 

def fix) - f{y) 



{^f){x,y) 



-, x^y, (S)/)(x,x) =V(a;) a;, y € 



x-y 
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Birman in Solomyak proved in [BS3] that if ^4 is a self-adjoint operator (not necessarily 
bounded), K is a bounded self-adjoint operator, and / is a continuously differentiable 
function on M such that 2)/ G ^X^l{EA+K, Ea), then 

f{A + K)- f{A) = JJ (2)/) {x, y) dEA+K{x)K dEA{y) (4.3) 

MxK 

and 

\\f{A + K)- f{A)\\ < const \\Sf\\^\\K\\, 

where ||2)/||5rrt is the norm of 2)/ in d)l{EA+K, Ea)- Here we use the notation Ea for the 
spectral measure of A. 

A similar formula and similar results also hold for unitary operators, in which case 
we have to integrate the divided difference 2)/ of a function / on the unit circle with 
respect to the spectral measures of the corresponding operator integrals. 

It is easy to see that if a function $ on x ^ belongs to the projective tensor product 
L'^{Ei)i§L°°{E2) of L°°(£;i) and L°°{E2) (i.e., $ admits a representation 

Hx, y) = Yl 'Pn{x)i^n{y), (4.4) 

n>0 

where ipn e L^^^Ei), t/j^ G L'^{E2), and 

'^\\^n\\Loo\\'llJn\\L'>° <Oo), (4.5) 

n>0 

then $ G 9Jl(£^i, £'2), i.e., $ is a Schur multiplier of the space of bounded linear operators. 
For such functions $ we have 

J J ^x,y)dEi{x)QdE2iy) = (| Q (| V'n c?^2 

Note that if belongs to the projective tensor product L°° {Ei)0L°° {E2) , its norm in 
L'^{Ei)(^L°°{E2) is, by definition, the infimum of the left-hand side of (4.5) over all 
representations (4.4). 

More generally, $ is a Schur multiplier if $ belongs to the integral projective tensor 
product L°° {Ei)®iL°° {E2) of L°°{Ei) and L°°{E2), i.e., $ admits a representation 



^{x,y)= / ip{x,uj)ij;{y,u)da{u;), 
JQ 



where (J7, a) is a measure space, ip is a measurable function on x 0, ^ is a measurable 
function on ^ X CI, and 

/ \M-,^)\\Loo(Ei)\\'<P{-,i^)\\Loo(E2)d(T{u) <00. 

Jn 

If $ G L'^{Ei)0iL°°{E2), then 

JJ^x,y)dEi{x)QdE2{y)=jl J ip{x,u;)dEi{x)\Ql J 2l;{y,u;)dE2{y)]da{u).{A.6) 
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Clearly, the function 



ip{x,u;)dEi{x)j Q yj i^{y,'^)dE2{y) 



is weakly measurable and 



J if{x,u)dEi{x) \q{ j ^{y,oj)dE2{y) 



daiuj) < oo. 



It turns out that all Schur multipliers of the space of bounded linear operators can be 
obtained in this way (see [Pel]). 

This together with the Birman-Solomyak formula (4.3) implies that if yl is a self- 
adjoint operator and K is a self-adjoint operator that belong to a normed ideal J, then 
f{A + K) - f{A) e 3 and 

\\f{A + K) - fiA)h < const ||S)/||^^(^^^^)^^^(^^)||i^|b. (4.7) 

In connection with the Birman-Solomyak formula, it is important to obtain sharp 
estimates of divided differences in integral projective tensor products of L°° spaces. It 
was shown in [Pe3] that if / is a trigonometric polynomial of degree d, then 

\\^f\\cmi)C{T) - const d||/||L-. (4.8) 

On the other hand, it was shown in [Pe5] that if / is a bounded function on M whose 
Fourier transform is supported on [—a, a] (in other words, / is an entire function of 
exponential type at most a that is bounded on M), then Df G L°°'S>iL°° and 

||2?/||^oo^.ioo < const (4.9) 

Note that inequalities (4.8) and (4.9) were proved in [Pe3] and [Pe5] under the assumption 
that the Fourier transform of / is supported on Z_|_ (or M_|_); however it is very easy to 
deduce the general results from those partial cases. 

3.2. Multiple operator integrals. The approach by Birman and Solomyak to 
double operator integrals does not generalize to the case of multiple operator integrals. 

However, formula (4.6) suggests an approach to multiple operator integrals that is based 
on integral projective tensor products. This approach was given in [Pe8]. 

To simplify the notation, we consider here the case of triple operator integrals; the 
case of arbitrary multiple operator integrals can be treated in the same way. 

Let {^,Ei), {'3^,E2), and (ZjE^) be spaces with spectral measures Ei, E2, and E3 
on Hilbert spaces J^i, J^2, and J^^. Suppose that <I> belongs to the integral projective 
tensor product L°° {Ei)'S>iL°° {E2)'SiiL°° (E^) , i.e., $ admits a representation 

^{x,y,z)= / ip{x,u)ip{y,u;)x{z,u;)da{u;), (4.10) 
JQ 
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where (fi, a) is a measure space, </? is a measurable function on x Q, is a measurable 
function on ^ X $7, x is a measurable function on Z x Q, and 



/ 

Jn 



a 

Suppose now that Ti is a bounded linear operator from to and r2 is a bounded 
linear operator from ^ to J^. For a function $ in L°°(£;i)(8)iL°°(£;2)(g)iL°°(£;3) of the 
form (4.10), we put 

J J J ^x,y,z)dEi{x)TidE2{y)T2dEs{z) (4.11) 



= J I J ip{x,io)dEi{x)\Ti J ^{y,Lo)dE2{y)\T2 J xiz,io) dE^izU da\ 



a;). 



It was shown in [Pe8] (see also [ACDS] for a different proof) that the above definition 

does not depend on the choice of a representation (4.10). 
It is easy to see that the following inequality holds 



< 



l'^llL°°(giiL<-(g)iL°°ll^ill ■ ll^all- 



y y" y ^(x,y,z)dE^{x)T^dE2{y)T2dEj,{z) 

X '3/ Z 

In particular, the triple operator integral on the left-hand side of (4.11) can be defined 
if <I> belongs to the projective tensor product L°°{Ei)iSiL°°{E2)<SiL^{Es), i.e., # admits 
a representation 

^{x, y,z) =J2 fnix)i}n{y)Xn{z), 
n>l 

where G L°°(^i), Vn e L°°{E2), Xn € L°°{E3) and 

||¥'n||L°°(£;i)||V'n||L°°(B2)IIX"IU°°(S3) < ^■ 

n>l 

It is easy to see that if Ti G Sp and T2 G Sg, and l/p-|- 1/g < 1, then the triple operator 
integral (4.11) belongs to Sr and 



J J J ^x,y,z)dEi{x)TidE2iy)T2dE3{z] 



where 1/r = 1/p + 1/q. 

In a similar way one can define multiple operator integrals, sec [Pc8]. 

Recall that multiple operator integrals were considered earlier in [Pa] and [St]. How- 
ever, in those papers the class of functions $ for which the left-hand side of (4.11) was 
defined is much narrower than in the definition given above. 

Multiple operator integrals are used in [Pe8] in connection with the problem of eval- 
uating higher order operator derivatives. To obtain formulae for higher order operator 
derivatives, one has to integrate divided differences of higher orders (see [PeS]). 
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In this paper we are going to integrate divided differences of higher orders to estimate 
the norms of higher order operator differences (1.1). 

For a function / on the circle the divided differences f of order k are defined 
inductively as follows: 

if > 1, then in the case when Ai, A2, • • • , A^+i are distinct points in T, 

f^kf.f. X .def (g^-V)(Ai,-- - ,Afc_i,Afc)-(Dfe-V)(Ai,--- ,Xk-iAk+i) 

(the definition does not depend on the order of the variables). Clearly, 

If / G C^(T), then 2)'^/ extends by continuity to a function defined for all points 
Ai, A2, • • • , Xk+i- 

It can be shown that 

n+l n+l 

(S)»(Ai,...,A„+i) = ^(p(Afc)n(Aik-A,)-i n i^k-Xj)-'. 

k=l j=l j=k+l 

Similarly, one can define the divided difference of order A; for functions on the real 
line. 

It was shown in [Pc8] that if / is a trigonometric polynomial of degree d, then 

ll®'/|lc(T)^...«C(T)<co"«t^'ll/ll^- (4-12) 

It was also shown in [Pe8] that if / is an entire function of exponential type at most a 
and is bounded on M, then 

ll®'/IL-^,..®iL=o < constc7'=||/|Uoo(«). (4.13) 

3.3. Multiple operator integrals with respect to semi-spectral measures. 

Let be a Hilbert space and let (^, 05) be a measurable space. A map S" from © to 
the algebra of all bounded operators on is called a semi-spectral measure if 

(A) > 0, A e 05, 

S{0) = and #( JT) = /, 

and for a sequence {^j}j>i of disjoint sets in 

(00 \ TV 
Aj J = lim ^^(^(Aj) in the weak operator topology. 
i=i / 3=1 

If J(f is a Hilbert space, (.^,03) is a measurable space, E •.'^ —>■ is a spectral 

measure, and is a subspace of J^, then it is easy to see that the map <# : 58 ^ ,^(Jf ) 
defined by 

^(A) = P^^(A)|jr, AG 05, (4.14) 
is a semi-spectral measure. Here stands for the orthogonal projection onto Jf . 
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Naimark proved in [Nai] that all semi-spectral measures can be obtained in this way, 
i.e., a semi-spectral measure is always a compression of a spectral measure. A spectral 
measure E satisfying (4.14) is called a spectral dilation of the semi-spectral measure S . 

A spectral dilation £^ of a semi-spectral measure S is called minimal if 

X = clos span{£;(A) : A G <B}. 

It was shown in [MM] that if ii^ is a minimal spectral dilation of a semi-spectral 
measure S ^ then E and S are mutually absolutely continuous and all minimal spectral 
dilations of a semi-spectral measure are isomorphic in the natural sense. 

If iy9 is a bounded complex- valued measurable function on 3^ and (f : *B — ^(J^) is 
a semi-spectral measure, then the integral 



/ 



(p{x)d^{x) (4.15) 

JX 

can be defined as 

^{x) dS{x) = (^J^ ^(x) dEix)^ jr, (4.16) 

where E is a spectral dilation of S'. It is easy to see that the right-hand side of (4.16) 
does not depend on the choice of a spectral dilation. The integral (4.15) can also be 
computed as the limit of sums 

'^ip{Xa)(^{Aa), Xa^Aa, 

over all finite measurable partitions {Aq,}q, of 

If T is a contraction on a Hilbert space J^f, then by the Sz.-Nagy dilation theorem (see 
[SNF]), T has a unitary dilation, i.e., there exist a Hilbert space such that C 
and a unitary operator U on such that 

T" = P^'C/"|jr, n>0, (4.17) 

where is the orthogonal projection onto Jif. Let Ejj be the spectral measure of U. 
Consider the operator set function (f defined on the Borel subsets of the unit circle T by 

<f(A) =p^£;c7(A)|jr, Act. 

Then S" is & semi-spectral measure. It follows immediately from (4.17) that 

= / C" dc^iC) = Pjf I C dEuiO J^, n > 0. (4.18) 

Such a semi-spectral measure is called a semi-spectral measure of T. Note that it is 
not unique. To have uniqueness, we can consider a minimal unitary dilation U of T, 
which is unique up to an isomorphism (see [SNF]). 
It follows easily from (4.18) that 



f{T) = Pj,^ [ fiOdEuiC) 
Jt 



for an arbitrary function (p in the disk-algebra Ca- 

In [Pe4] and [Pe9] double operator integrals and multiple operator integrals with re- 
spect to semi-spectral measures were introduced. 
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Suppose that and {^2,^2) are measurable spaces, and S'l : *Bi ^{Jifi) 

and S2 ^ ^{J^) are semi-spectral measures. Then double operator integrals 

J J $(xi,X2)dA(xi)Qd#2(^2). 

were defined in [Pe9] in the case when Q e S2 and $ is a bounded measurable function. 
Double operator integrals were also defined in [Pe9] in the case when Q is a bounded 
linear operator and $ belongs to the integral projective tensor product of the spaces 
L~((fi) and L°°{^2)- 

In particular, the following analog of the Birman-Solomyak formula holds: 

f{R)-f{T) = 11 {^f){C,T)d^R{0{R-T)dMr)- (4.19) 

TxT 

Here T and R contractions on Hilbert space, St and (?r are their semi-spectral measures, 
and / is an analytic function in D of class (^B^^^^ ^. 

Similarly, multiple operator integrals with respect to scmi-spectral measures were 
defined in [Pe9] for functions that belong to the integral projective tensor product of the 
corresponding L°° spaces. 



5. Self-adjoint operators. Sufficient conditions 



For I > and p > 0, we consider the normed ideal Sp that consists of all bounded 
linear operators equipped with the norm 

\j=o 

It is well known that || • is a norm ioi p > 1 (see [BS4]). Note that Sp = ^'^<Sp, see 
§3. 

Theorem 5.1. Let < a < 1. Then there exists a positive number c > such that 
for every I > 0, p E [1, 00), f G Aq,(M), and for arbitrary self-adjoint operators A and B 
on Hilbert space with bounded A — B, the following inequality holds: 



s,{f{A) - f{B)) < c ||/||a„(m)(1 + j)-"/^P - B 




for every j <l. 
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Proof. Put /n *== / * Wn + / * Wn, n G Z, and fix an integer A''. We have by (4.7) 
and (4.9), 



N 



E {fn{A)-fniB)) 



N 



< J2 \\fn{A) - fn{B)\\ 



al n=—oo 



N 



< const 2"||/„||loo||A- S| 



N 



< const 



< const 2^(1-") 



\A-B\ 



Sp ■ 



On the other hand, 



n>N 



< 



2 E 



n>N 

< const 



^„(R) E2^""<const2- 

n>N 



■Na 



Put 



N 



Rn = E (/n(^) - /n(i?)) and QN=Yifni^)-fniB)). 
n=—oo n>N 

Clearly, for j < I, 

sjifiA) - m) < sjiRN) + IIQivll < (1 +i)-V^'||/(A) - f{B)\y + IIQ^II 



\A-B\\^i +2" 



Na 



< const ((l+i)-i/f 2^(1-") 11,1,^ 
To obtain the desired estimate, it suffices to choose the number N so that 



-N 



<{l+j)-^/p\\A-B\\s^ <2- 



■N+l 



Theorem 5.2. Let < a < 1. Then there exists a positive number c > such that 
for every f G A(j(M) and arbitrary self-adjoint operators A and B on Hilbert space with 
A — B E Si, the operator f{A) — f{B) belongs to Si_ ^ and the following inequality 
holds: 

\\fiA)-fiB)\\ <c\\f\U^(^^)\\A-B\\%^. 

Proof. This is an immediate consequence of Theorem 5.1 in the case p = 1. M 
Note that the assumptions of Theorem 5.2 do not imply that f{A) — f{B) G Si/^- In 

§ 9 we obtain a necessary condition on / for f{A) — f{B) G <S'i/a whenever A — B E Si. 
The following result ensures that the assumption that A — B e Si implies that 

f{A) — f{B) G Si/a under a slightly more restrictive condition on /. 
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Theorem 5.3. Let < a < 1. Then there exists a positive number c > such that 
for every f G 5^^(M) and arbitrary self-adjoint operators A and B on Hilbert space with 
A — B G Si, the operator f{A) — f{B) belongs to Si/^ and the following inequality holds: 

||/(^)-/(S)||^^^^<c||/b.^(M)l|^-5|||,. 

Note that in the case a = 1 this was proved ear her in [Pe5]. 

Proof of Theorem 5.3. Put fn = f* Wn + / * Wn. Clearly, is trace class 
perturbations preserving and it is easy to see that 

||/„(A)-/„(5)||s,/„ < \\fn{A)-fn{B)rsJf„{A)-f„{B)\\^-. (5.1) 
Since f{A) - f{B) = ^ {fn{A) - fn{B)), it suffices to prove that 

neZ 

El|/n(^)-/"(^)|ls,/„<~- 

We have by (5.1) and (4.7), 



El 

neZ 


fn{A)-fn{B)\\^^^^< 




\fniA) 


-/n(S)||^-" 




< 


const j;2"«||/„||2oc-2i- 


""ll/nlli- 


-J'WA-BW^^ 




< 


const ^2""||/„||iocP- 







< const \\f \\b^^(^r)\\A - B\\%^. m 

Theorem 5.4. Let < a < 1. Then there exists a positive number c > such that 
for every f G Aq,(M) and arbitrary self-adjoint operators A and B on Hilbert space with 
bounded A — B, the following inequality holds: 

s,(|/(^)-/(S)|^/") <c||/||i/;(„)a,(^-i?), j>0. 

Proof. It suffices to apply Theorem 5.1 with I = j and p = I. M 
Now we are in a position to obtain a general result in the case / G Aa(M) and A—Be3 
for an arbitrary quasinormed ideal 3 with upper Boyd index less than 1. 

Theorem 5.5. Let < a < 1. Then there exists a positive number c > such 
that for every f G Aq(R), for an arbitrary quasinormed ideal 3 with (3^ < 1, and for 
arbitrary self-adjoint operators A and B on Hilbert space with A — B E 3, the operator 
\f{A) — /(i?)|^^" belongs to 3 and the following inequality holds: 

\f{A) - 7(5)1^/" 1^ < cCmZm^lA - Bh. 

Proof. The result follows from Theorems 5.4 and 3.1. ■ 

We can reformulate Theorem 5.5 in the following way. 
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Theorem 5.6. Under the hypothesis of Theorem 5.5, the operator f{A) — f{B) belongs 
to and 

\\f{A)-f{B)\y,,^y<c-C^\\fU^^^)\\A 
We deduce now some more consequences of Theorem 5.5. 



BE- 



Theorem 5.7. Let < a < 1 and 1 < p < oo. Then there exists a positive number c 
such that for every f G Aa(]R), every I G Z+, and arbitrary self-adjoint operators A and 
B with bounded A — B, the following inequality holds: 



Y.Hm-f{Bf'-)Y<c 



j=0 



Proof. The result immediately follows from Theorem 5.5 and Lemma 3.2. ■ 

Theorem 5.8. Let < a < 1 and 1 < p < oo. Then there exists a positive number 
c such that for every f G Aa(]R) and for arbitrary self-adjoint operators A and B with 
A — Be Sp, the operator f{A) — f{B) belongs to Spj^ and the following inequality holds: 



< c 



Aa(K) 



lA-BW^! 



Proof. The result is an immediate consequence of Theorem 5.7. ■ 

To proceed to higher order differences, we need the following well-known inequality: 



\\TiT2\\si<\\Ti\\si\\T2\\ 



(5.2) 



where Ti and T2 bounded operator on Hilbert space and 1/p + 1/g < 1. Inequality 
(5.2) can be deduced from the corresponding inequality for Sp norms. Indeed, let R 
be an operator of rank / such that ||TiT2||g; = ||TiT2i?||s^. There exists an orthogonal 
projection P of rank / such that ||riT2ii||s^ = ||PTiT2i?||s^. Then 

||Tir2||s; = \\PTiT2R\\sr < \\PTl\\sjT2R\\s, < ll^lUsi ||r2||s; . 

Suppose now that m — 1 < a < m and / G Aq(IR). For a self-adjoint operator A and 
a bounded self-adjoint operator K, we consider the finite difference 



(A^/)(A) 1^^ ^(-1)— i (JJ f{A + jK). 



j=0 

In the case when A is unbounded, by the right-hand side we mean the following operator 



nez j=o 



ir^n"')fn{A+jK), 



where as usual, fn = f* Wn + / * W|. It has been proved in [AP2] that under the above 
assumptions. 



E 



j=0 



m 

j 
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fn[A + jK) 



< 00. 



(We refer the reader to [APS], where the situation with unbounded A will be discussed 
in detail.) 

We are going to use the following representation for (A^/) {A) in terms of multiple 
operator integrals: 

(A^/)(A)= (5.3) 

l! J ■■■ J {^"'f){xi,--- ,Xm+l) dEA{xi)K dEA+K{x2)K ■ ■ ■ K dEA+mK{Xm+l), 



ml 



m+1 

where A is a self-adjoint operator, K is a bounded self-adjoint operator, and / G B'^i{ 
Formula (5.3) was obtained in [AP2]. 

It follows from (5.3), (4.13), and (5.2) that if p > m > 1, Z > 0, and / is an entire 
function of exponential type at most a that is bounded on R, then 

||(A^/)(yl)||g,^ <constc7-||/|U^||i<C||-,. (5.4) 

Moreover, the constant in (5.4) does not depend on p. 

Inequality (5.4) can be generalized. Suppose that 3 is a normed ideal such that J^^/"^} 
is also a normed ideal. Suppose that K e3. Then (A^/) (A) e J^VW and 

||(A^/)(^)||^(,/„j < const a™||/||Lo.||i^||-. (5.5) 

Theorem 5.9. Let a > and m — 1 < a < m. There exists a positive number c such 
that for every I > 0, p & [m,oo), f G Aa(M), and for arbitrary self-adjoint operator A 
and bounded self-adjoint operator K, the following inequality holds: 

As/)(^)) <cii/iu„«)(i+jr"/"ii^rs< 



for j < I. 

Proof. As in the proof of Theorem 5.1, we put 

Rn= Y.{A]}fn){A) and Qat = ^ (A^/„)(A). 

n<N n>N 

It follows (5.4) that 

\\Rn\\s^ < Vconst2-"||/,||L=o||K||^, 

n<N 



< Hulls' ll/IUaW E 2^"""^" < 2(-")^||/|U„(K)||K| 



n<N 

On the other hand, it is easy to see that 



m 
Sp 



WQnW < const ll/nllL- < ||/||a.(r) Y1 < 2-"^II/IIa.( 



n>N n>N 
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Hence, 

^j{{^Kfn){A)) < SjiRN) + WQnW < (1 +i)-"^/^||i?iv||s'/^ + IIQivll 

< const ||/||a„(m) ((1 + j)-™''^2(— + 2-"^) . 
To complete the proof, it suffices to clioose AT such that 

2-^ < (1 + j)-yP\\K\\si^ < 2-^+\ U 
The fohowing result is an immediate consequence from Theorem 5.9. 



Theorem 5.10. Let a > and m—l<a<m. There exists a positive number c such 
that for every f G Aq,(R), and for an arbitrary self-adjoint operator A and an arbitrary 
self-adjoint operator K of class Sjn, the operator (A^/)(y4) belongs to Sm^^ and the 
following inequality holds: 

II(^^/)(^)IIs^,^<^II/IIa«(m)II^III.- 

As in the case < a < 1 (see Theorem 5.3), we are going to improve the conclusion 
of Theorem 5.10 under a slightly more restrictive assumption on /. Note that in the 
following theorem a is allowed to be equal to m. 

Theorem 5.11. Let a > and m — 1 < a < m. There exists a positive number c 
such that for every f G i?^^(M), and for an arbitrary self-adjoint operator A and an 
arbitrary self-adjoint operator K of class Sm, the operator (^/Vf^f^{A) belongs to Sm 
and the following inequality holds: 

lim)(^)L^<^ll/llB«,(M)i|if|||^- 

a 

Proof. Clearly, 

mumis^ < ii(AM(^)iini(AM(^)ir""/"^- 

a 

By (5.5), 

||(A^/„)(A)||^^ < const 2-"||/„|Uoo||i^||^^. 

Thus 

E II i^Kfn) iA)\\,^ < y: II (A^/n) (^)r;-ii (A^/„) (^)ir-/- 

<const^2"'^||^||2/r||i^||^^||/„||ir/"^ 

nel 

< const ||K||^^ ^ 2""||M|loc < const ||/||sc.^(M)||K||^^. ■ 
Recall that for a bounded linear operator T the numbers, crj{T) are defined by (3.1). 
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Theorem 5.12. Let a > and m — 1 < a < m. There exists a positive number c 
such that for every f G Aa(M), and for arbitrary self-adjoint operator A and bounded 
self-adjoint operator K, the following inequality holds: 

.,(|(A^/)(A)r/-) <c\\frJjl^^cr,{\Kr), j > 0. 
Proof. The result follows immediately from Theorem 5.9 in the case j = 1 and p 



m. 



Theorem 5.13. Let a > and m—l<a<m. There exists a positive number c such 

that for every f € Aq(R), every quasinormed ideal 3 with I3j < , and for arbitrary 
self-adjoint operator A and bounded self-adjoint operator K , the following inequality 
holds: 



|(A^/)(^)| 



l/a 



3 - '^'-^af{i/m} 



l/a 



li^ll 



Proof. Clearly, |K|™ G glV™} and p-jn/m} = mfy < 1. Therefore, by Theorem 5.12, 



(A^/)(A)r/" 
which implies the result. ■ 



g{l/m} 



< cC 



l/m 



raja 
Aa(M 



\K\ 



|3{l/m} 



Theorem 5.14. Let a>0, m — l<a<m, and m < p < oo. There exists a positive 
number c such that for every f £ Aq,(]R), every I £ and for arbitrary self- adjoint 
operator A and bounded self-adjoint operator K , the following inequality holds: 

I 



I 

E 

i=o 



,s,(|(A^/)(A)|^/"))^ 



< c 



p/a 

Aa{K) 



3=0 



Proof. The result follows from Theorem 5.13 and Lemma 3.2. ■ 

The last theorem of this section is an immediate consequence of Theorem 5.14. 

Theorem 5.15. Let a > m — 1 < a < m, and m < p < oo. There exists a positive 
number c such that for every f G Aa(M), for an arbitrary self-adjoint operator A, and 
an arbitrary self-adjoint operator K of class Sp, the following inequality holds: 

<c\ 



l-f'^lls • 



6. Unitary operators. Sufficient conditions 



In this section we are going to obtain analogs of the results of the previous section 
for ftinctions of unitary operators. In the case of first order differences we can use the 
Birman-Solomyak formula for functions of unitary operators and the proofs are the same 
as in the case of functions of self-adjoint operators. However, in the case of higher order 
differences, formulae that express a difference of order m involves not only multiple 
operator integrals of multiplicity m + 1, but also multiple operator integrals of lower 
multiplicities, see [AP2]. This makes proofs more complicated than in the self-adjoint 
case. 
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We start with first order differences. If U and V are unitary operators, tlien by the 
Birman-Solomyak formula, 

fiU) - f{V) = ^^^^"^^^^ dEuiOiU - V) dEvir), (6.1) 

TxT 

whenever the divided difference Df belongs to L°°<S>L°°. Here Eu and Ey are the 
spectral measures of U and V. Recall that it was shown in [Pe3] that (6.1) holds if 

/ e Bl,. 

It follows from (4.8) that if J is a normed ideal, U — V E 3 and / is a trigonometric 
polynomial of degree d, then f{U) — f{V) G 3 and 

\\f{U) - f{V)h < const d||/||L-||C/ - Vh. (6.2) 
Moreover, the constant does not depend on J. 

Theorem 6.1. Let < a < 1. Then there exists a positive number c > such that 
for every I > 0, p £ [l,c>o), f ^ ^a, o,nd for arbitrary unitary operators U and V on 
Hilhert space, the following inequality holds: 



Sj{f{U) - f{V)) < c||/||a„(1 + j)-"/^'||C/ - V\ 



s: 



p 



for every j < I. 



Theorem 6.2. Let < q < 1. Then there exists a positive number c > such that for 
every f G Aq and arbitrary unitary operators U and V on Hilbert space with U — V G Si, 
the operator f{U) — fiV) belongs to S _i_ ^ and the following inequality holds: 

a ' 

As in the self-adjoint case, the assumptions of Theorem 6.2 do not imply that 
/([/) — f{V) £ Sija- In § 8 we obtain a necessary condition on / for f{U) — fiV) € -Si/q,, 
whenever U — V £ Si. 

Theorem 6.3. Let < a < 1. Then there exists a positive number c > such 
that for every f G -B^i and arbitrary unitary operators U and V on Hilbert space with 
U — V £ Si, the operator f{U) — fiV) belongs to Si/^ and the following inequality holds: 

<c\\f\\R^A\U -V\ 

I/O 



\\nu)-fiV)\L^.njnB:^,n^-^nsi- 



Note that in the case a = 1 this was proved earlier in [Pe3] . 

Theorem 6.4. Let < a < 1. Then there exists a positive number c > such that 
for every / G A„ and arbitrary unitary operators U and V on Hilbert space, the following 
inequality holds: 

sj{\f{U)-f{V)\'^'')<c\\f\\]ly,{U-V), j>0. 



Recall that the numbers (Tj{U — V) are defined in (3.1). 
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Theorem 6.5. Let < a < 1. Then there exists a positive number c > such that 
for every / G Aq, for an arbitrary quasinormed ideal 3 with < 1, and for arbitrary 
unitary operators U and V on Hilbert space with U-V e 3, the operator \f{U)-f{V)\ ^'^ 
belongs to 3 and the following inequality holds: 



\f{u) - ^ < cCa||/||;/;(^)||c/ - Vh. 

Theorem 6.6. Let < a < 1 and 1 < p < oo. Then there exists a positive number c 
such that for every f G Aq,, every I G and arbitrary unitary operators U and V, the 
following inequality holds: 

E (i/(^) - m\"-)Y < c ii/iit i: {s,{u - v)r. 

3=0 3=0 

Theorem 6.7. Let < a < 1 and 1 < p < oo. Then there exists a positive number c 
such that for every / G Aq, and for arbitrary unitary operators U and V with U — V& Sp, 
the operator f{U) — fiV) belongs to Sp/^ and the following inequality holds: 

\\fiU)-f{V)\\s^^^<c\\fUJU-Vrs^. 

The proofs of the above results are almost the same as in the self-adjoint case. The 
only difference is that we have to use (6.2) instead of the corresponding inequality for 
self-adjoint operators. 

We proceed now to higher order differences. Let U he a unitary operator and A a 
self-adjoint operator. We are going to study properties of the following higher order 
differences 

fe=0 ^ 

As we have already mentioned in the introduction to this section, such finite differences 

can be expressed as a linear combination of multiple operator integrals of multiplicity at 
most m + 1. We refer the reader to [AP2], Th. 5.2. For simplicity, we state the formula 
in the case m = 3. Let / G -B^i. Let Ui, U2, and U3 be unitary operators. Then 

f{Ui) - 2/(C/2) + fm (6.4) 

{^^f){C,T,v)dEi{0{Ui - U2)dE2{T){U2 - U^)dE^{v) 

+ jj (S)/)(C,r) dEiiOiUi - 2U2 + C/3) dEsir). 

Let Ui = U,U2 = e'^U, and C/3 = e'^'^U. 

Lemma 6.8. Let 3 be a normed ideal such that J'l^/^l' is also a normed ideal. If f is 
a trigonometric polynomial of degree d and A ^3, then f{U) — 2/(e'"^C/) -|- f{e^^^U^ G 
3f{V2} and 

/([/)- 2/ (e'^C/) +/(e2i-4c/)||^^^^^^ < const -ci^ll/lli.llAII^. 
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Moreover, the constant does not depend on 3. 

Proof. Let Ui = U,U2 = e'^U, and = e^'^U. By (4.12), we have 

{^^f){C,T,v)dE,{0{Ui - U2)dE2{T){U2 - U3)dE3{v) 

< const -d^ ||/||loo||C/i - U2h\\U2 - U^Wj. 




j{l/2} 



Clearly, 

||C/l-t^2|b= ||C/2-^73b^ 

On the other hand, by (4.8), 



|/- e'^ll^ < const imij. 



3{l/2} 



< const • d ||J7i — 2U2 + t/3||3{i/2} 



and 



J j (S)/)(C, r) dEi{Q(Ui - 2U2 + U3) dEsir) 

\\Ui - 2U2 + UsWjii/^} = - e'^fW < const \\A\\l 



The result follows now from (6.4). ■ 

In the general case the following inequality holds: 



m . s 

ifc=0 ^ ^ 



< const • cf" II/IIloo 



m 
3 ' 



(6.5) 



J{l/m} 



whenever J is a normed ideal such that J^^/"^^ is also a normed ideal. This follows from 
an analog of formula (6.4) for higher order differences, see [AP2], Th. 5.2. 

We state the remaining results in this section without proofs. The proofs are practi- 
cally the same as in the self-adjoint case. The only difference is that instead of inequality 
(5.5), one has to use inequality (6.5). 

Theorem 6.9. Let a > and m — 1 < a < m. There exists a positive number c 
such that for every I > 0, p G [m, 00), / G A„, and for arbitrary unitary operator U 
self-adjoint operator A, the following inequality holds: 



<c||/||A„(l+i)-"/n|A||"z 



forj < I. 



Theorem 6.10. Let a > and m — 1 < a < m. There exists a positive number c 
such that for every f G A^, and for an arbitrary unitary operator U and an arbitrary 
self-adjoint operator A of class Sm, the operator (6.3) belongs to Sm and the following 
inequality holds: 



rn . . 

k=0 ^ ^ 



< C 



\An. 
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Theorem 6.11. Let a > and m — 1 < a < m. There exists a positive number c 
such that for every f G -B^^, and for an arbitrary unitary operator U and an arbitrary 
self-adjoint operator A of class S^, the operator (6.3) belongs to Sul and the following 

a 

inequality holds: 



m / 
ifc=0 ^ 



< c 



B° 



\A\\ 



Theorem 6.12. Let a > and m — 1 < a < m. There exists a positive number c 
such that for every f £ A^, and for arbitrary unitary operator U and bounded self-adjoint 
operator A, the following inequality holds: 



m 

El 

fe=0 



< C 



m/a 



Theorem 6.13. Let a > and m — 1 < a < m. There exists a positive number c 
such that for every f G Aq,, every quasinormed ideal 3 with (3j < , and for arbitrary 
unitary operator U and bounded self-adjoint operator A, the following inequality holds: 

l/a 



fe=0 



f{e''^U) 



< cC 



l/m 
3{l/m} 



l/a. 



All 



Theorem 6.14. Let a>0, m— l<a<m, and m < p < oo. There exists a positive 

nvmber c such that for every f G A„, every I G Z_|_, and for arbitrary unitary operator 
U and bounded self-adjoint operator A, the following inequality holds: 

l/a\ \ P 




fe=0 



f{e''^U) 



< c 



p/a 
A, 



j=0 



Theorem 6.15. Let a>0, m— l<a<m, and m < p < oo. There exists a 
positive number c such that for every / G A^, for an arbitrary unitary operator U , and 
an arbitrary self-adjoint operator A of class Sp, the following inequality holds: 



m . . 

it=0 ^ ^ 



< c 



Aa I 



7. The case of contractions 



In this section we obtain analogs of the results of Sections 5 and 6 for contractions. To 
obtain desired estimates, we use multiple operator integrals with respect to semi-spectral 
measures. 

Suppose that T and R are contractions on Hilbert space and / is a function in the 
disk-algebra Ca (i-e., / is analytic in D and continuous in closD). We are going to study 
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properties of differences 



fe=0 



k (m 
k 



/ T+-(r-i?) , m>l. 
m 



(7.1) 



In particular, when m = 1, we obtain first order differences f{T) — f{R). In this section 
we are not going to state separately results for first order differences. They can be 
obtained from the general results by putting m = 1. 
It was shown in [AP2] that 



(7.2) 



ml 



m" 



m+1 



where S'k is a semi-spectral measure of T + ^{T — R). 

Suppose now that is a normed ideal such that 3^^/'^^ is also a normed ideal. It 
follows from (7.2) and (4.13) that for an arbitrary trigonometric polynomial / of degree 
d, 



fe=0 



k (m 
k 



f(T + -{T-R) 
m 



< const • d" 



\T-R\ 



3 ' 



(7.3) 



3{l/m} 



where the constant can depend only on m. 

We state the results without proofs. The proofs are almost the same as in the self- 
adjoint case. The only difference is that to estimate higher order differences, we should 
use inequality (7.3). 

Theorem 7.1. Let a > and m — 1 < a < m. There exists a positive number c such 
that for every I >0, p E [m, oo), f G (A^)^, and for arbitrary contractions T and R on 
Hilbert space, the following inequality holds: 



Kk=0 



k 
m 



-a/p\ 



T-R\\%i 



for j < I. 



Theorem 7.2. Let a > and m — 1 < a < m. There exists a positive number c such 
that for every f £ (A^,)^, and for arbitrary contractions T and R with T — R E Sm, the 
operator (7.1) belongs to Sm^oo o,i^d the following inequality holds: 



k=0 



k (m 
k 



f(T+-{T-R) 
m 



< c 



ir-ii:||^ . 
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Theorem 7.3. Let a > and m — 1 < a < m. There exists a positive number c such 
that for every f G {B^ij_^, and for arbitrary contractions T and R with T — R E Sm, 
the operator (7.1) belongs to Sm and the following inequality holds: 



k=0 ^ ^ ^ 



< C 



CXJl 



\T-R\\ 



Theorem 7.4. Let a > and m — 1 < a < m. There exists a positive number c 
such that for every f G (Aq,)_|_, and for arbitrary contractions T and R, the following 
inequality holds: 



fc=0 ^ ^ ^ 



<c\\f\\l'j'a,{\T-Rr), j>0. 



Theorem 7.5. Let a > and m — 1 < a < m. There exists a positive number c such 
that for every f G (A^)^, every quasinormed ideal 3 with < m~^, and for arbitrary 
contractions T and R, the following inequality holds: 



l/a 



^ t'«-^3{l/m} 



l/a. 



T-R\\ 



Theorem 7.6. Let a>Q,m— l<a<m, and m < p < oo. There exists a positive 
number c such that for every f G (A^)^, every I G Z+, and for arbitrary contractions T 
and R, the following inequality holds: 

l/a\ \ P 



k=0 ^ ^ ^ 



ti:HT-R)Y. 

3=0 



Y,\sA > (-ir(71/(T + -(T-i?)l I I <c 

3=0 

Theorem 7.7. Let a > Q, m — 1 < a < m, and m < p < oo. There exists a 
positive number c such that for every f G (^Aa)_^_, for arbitrary contractions T and R 
with T — R E Sp, the following inequality holds: 



E(-i)'(T)/(^+^<^-«) 

fe=0 ^ ^ ^ 



< c 



Aa I 



R\\ 



/ a. 



i. Finite rank perturbations and necessary conditions. Unitary operators 



In this sections wc study the case of finite rank perturbations of unitary operators. 
We also obtain some necessary conditions. In particular we show that the assumptions 
that rank([/" -V) = 1 and / G A^, < a < 1, do not imply that f{U) - f{V) G Si/^- 

Let us introduce the notion of Hankel operators. For ip G L°°{T), the Hankel operator 



from the Hardy class H'^ to =^ Q is defined by 



-^9, 
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geH^ 



where P_ is the orthogonal projection from onto H^. Note that the operator iJ^ has 
Hankel matrix 

= {'Pi-j - k)}j>i,k>o 
with respect to the orthonormal bases {z''}k>o and {z^}j>i of and H^. 

We need the following description of Hankel operators of class Sp that was obtained 
in [Pel] for p > 1 and [Pe2] and [Se] for p < 1 (see also [Pe6], Ch. 6): 

Sp ^ P_V9 G B^/P, 0<p<oo. (8.1) 

The following result gives us a necessary condition on / for the assumption U — V G Si 
to imply that /([/) - /(F) G Sy^. 

Theorem 8.1. Suppose that < p < oo. Let f be a continuous function on T such 
that f{U) — f{V) G Sp, whenever U and V are unitary operators with rank(i7 — V) = l. 

Then f e bI'^. 

Proof. Consider the operators U and V on the space (T) with respect to normalized 
Lebesgue measure on T defined by 

Uf = zf and Vf = zf -2{f,l)z, f e L\ 

It is easy to see that both U and V are unitary operators and 

rank(F -U) = l. 

It is also easy to verify that for n > 0, 



< j <n, 
j<0. 



It follows that for / G C(T), wc have 

{{f{v) - /(f/))^^/) = Y,fin){{v''z^,z') - (^^-^^')) 

n>0 
n<0 

' fU - k), j>0, k<0, 
= -2 < fU - k), j<0,k>0, 
0, otherwise. 
If f{U) — f{V) G Sp, it follows that the operators on £^ with Hankel matrices 
{/(j + k)}j>o,k>i and {f{-j - k)}j>o,k>i 
belong to Sp. It follows now from (8.1) that / G B^^. ■ 

Remark. Recall that Theorem 6.2 says that under the assumptions U — V G Si 
and / G A^, < a < 1, the operator f(U) — f{V) belongs to Si . On the other 
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hand, Theorem 6.3 shows that the shghtly stronger condition / G -B^i imphes that 
/([/) — f{V) G Si. However, the above theorem tells us that even under the much 
stronger assumption rank([/ — V) = 1 the condition / G docs not imply that 
f{U) - f{V) e Si. Indeed, ^ B^^^. This follows from the fact that 

fe>0 

and from the fact that 

J2akz''eB-/^ ^ {2-''ak},^,ef/-. (8.3) 

fc>0 

Both (8.2) and (8.3) follows easily from (2.2). 

Note that the proof of Theorem 8.1 shows that if U and V are the unitary op- 
erators constructed in the proof of Theorem 8.1 and J is a quasinormed ideal, then 
/([/) - fiV) G J if and only if both Hf and Hj belong to 3. 

The following result is closely related to Theorem 6.2, it shows that if we replace the 
assumption U — V G -Si with the stronger assumption rank(?7 — F) < +00, we can obtain 
the same conclusion for all a > 0. 

Theorem 8.2. Let < a < 00 and let U and V be unitary operators such that 
rank(C/ — V) < +00. Then f{U) — f{V) G S j_ ^ for every function f G Aq,(T). 

Proof. Let m be a positive integer and let / G Aq,. By Bernstein's theorem, we can 
represent / in the form / = /i + /2, where /i is a trigonometric polynomial of degree at 
most m and ||/2||l°° < const m~"^ (this can be deduced easily from (2.2)). It is easy to 
see that 

m—l 
j=0 

Hence, 

m 

Range (/i(C/) - fi{V)) C ^ Range {W{U - V)) , 

j=-m 

and so 

rank (/i(C/) - fi{V)) < (2m + 1) rank(f/ - V), 
while ||/2(?7) - f2{V)\\ < 2II/2IIL- < const m-". It follows that 

S(2m+1) re,nk{U-V) {f{U) - f{V)) < COnst m~". ■ 

We can compare Theorem 8.2 with the following result obtained in [Pe4]: if < p < 1, 
and U and V are unitary operators such that U — V & Sp, then f{U) — f{V) G Sp for 
every / G B^p. 

The following result allows us to estimate the singular values of Hankel operators with 
symbols in A^. 
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Lemma 8.3. Let < a < oo. Then there exists a positive number c such that for 
every f G Aq,(T), the following inequality holds: 

Sm{Hf)<c\\f\\AM + m)-^- 

Proof. We can represent / in the form / = /i + /2, where /i is a trigonometrical 
polynomial of degree at most m and II/2II < const(l + m)~°'. Then lankHf^ < m and 
[| < const(l + m)^" which implies the result. ■ 
The following theorem shows that Theorems 8.2 and 6.2 cannot be improved. 

Theorem 8.4. Let a > 0. There exist unitary operators U and V and a real function 
h in Aq, such that 

rank{U-V) = l and Sm{h{U) - h{V)) > {1 + my , m > 0. 

Proof. Let U and V be the unitary operators defined in the proof of Theorem 8.1. 
Consider the function g defined by 

g{C)''='f:^— CeT. (8.4) 

n=l 

It follows easily from (2.2) that g G Aa(T). By Lemma 8.3, Sm{Hg) < const(l + m)~", 
m > 0. Let us obtain a lower estimate for Sm{Hg). 

Consider the matrix Vg of the Hankel operator Hg with respect to the standard or- 
thonormal bases: 

Tff = {g{-j - k)]]>i,k>o = {g{j + A;)}j>i,fe>o. 
Let n > 1. Define the 3 • 4"-^ x 3 • 4""^ matrix r„ by 

7; = {5(j + fc + 4"-i + l)}o<,.,<3.4n-i- 

Clearly, A""'Tn is an orthogonal matrix. Hence, ||T„ — > 4~"" for every 3-4"^^ x3-4"^^ 
matrix with ranki? < 3 • 4"^^. The matrix T„ can be considered as a submatrix of Fg. 
Hence \\Tg — R\\ > 4~"" for every infinite matrix R with ranki? < 3 • 4"~^. Thus, 
Sj{Tg) > 4-°" for j < 3 • 4"-i. 

To complete the proof, it suffices to take h = eg for a sufficiently large number c. ■ 

In § 6 we have obtained sufficient conditions on a function / on T for the condition 
U — V e Sp to imply that f{U) — fiV) G Sq for certain p and q. We are going to obtain 
here necessary conditions and consider other values p and q. 

We denote by U(S^p, Sq) the set of all continuous functions / on T such that 
f{U) — f{V) G Sq, whenever U and V are unitary operators such that U — V & Sp. 

We also denote by \Jc{Sp,Sq) the set of all continuous functions / on T such that 
f{U) — f{V) G Sq, whenever U and V are commuting unitary operators such that 
U-V eSp. 

Obviously, both \J{Sp, Sq) and \Jc{Sp, Sq) contain the set of constant functions. We 
say that \J{Sp, Sq) (or Uc(-S'p, Sq)) is trivial if it contains no other functions. 

Recall that the space Lip of Lipschitz functions on T is defined as the space of functions 
/ such that 

, dcf 1/(0 -/(t)| ^ 

iLip = sup r- 1 < 00. 
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Theorem 8.5. Let < p,q < +00. Then 

{ ^p/q, P<Q, 



Lip, p 



Uc('S'p, Sq) - 

The space \Jc{Sp, Sq) is trivial if p > q. 

Proof. It is easy to see that / G IJ c{Sp,Sq) if and only if for every two sequences 

{Cn} and {Tn} in T, 

J]|C„-r„r<oo =^ j;i/(Cn)-/(r„)r <oo. (8.5) 

Clearly, the condition |/(C) - /(Ol < const |C - ^1^^'^ implies (8.5). 
Consider the modulus of continuity ujf associated with /: 

oj f (6) =^ snp{\ fix) - f{y)\ : \x-y\<6}, 5 > 0. 

Condition (8.5) obviously implies that ujf{S) < 00 for some 6 > 0, and so it is finite for 
all 6 > 0. We have to prove that (8.5) implies that u}f{6) < const • t^'/'' . Assume the 
contrary. Then there exist two sequences {Cn} and {Tn} in T such that Cn 7^ Tn for all n, 

lim iCn - Tnr = and lim l/(Cn) " = 00. 



Now the result is a consequence of the following elementary fact: 

If {ofc} and {Pk} are sequences of positive numbers such that lim (3^ = and 

lim akl3^^ = +00, then there exists a sequence {n^} of nonnegative integers such that 

^ UkPk < +00 and nkCtk = +00. ■ 

Corollary 8.6. Let < p,q < +00. Then 

Ap/g, P<q, 



\J{Sp,Sq)C 



Lip, p = q. 



The space \J{Sp, Sq) is trivial if p > q. 

Recall that in [PS] it was shown that if / is a Lipschitz function on M and 1 < jo < 00, 
then ||/(^) — f{B)\\sp < const \\A — B\\sp, whenever A and B are self-adjoint operators 
such that A — B e Sp. Their method can also be used to prove an analog of this result 
for unitary operators. We arc going to use this analog of the Potapov— Sukochev theorem 
for unitary operators in the following result. 

Theorem 8.7. Let 1 < q <p < +00. Then 

^p/q, P<Q, 



ViSp,Sq) 



Lip, p 



Proof. By Corollary 8.6, it suffices to show that Ap/q C U(5p, Sq) for p < q and 
Lip C \J{Sp,Sq) for p = q. The fact that A^/^ C \J{Sp, Sg) for g < p is a consequence 
of Theorem 6.7. The inclusion Lip C U(Sp, Sq) tor q = p is the analog of the Potapov- 
Sukochev theorem mentioned above. ■ 
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Remark 1. There exists a function / of class Lip such that / \J{Sp,Sq) for any 
p > and q G (0, 1]. Indeed, if U and V are the unitary operators constructed in the 
proof of Theorem 8.1, then rank(C/-F) = 1 and f{U)-f{V) G Si if and only if / G -Bj. 
It suffices to take a Lipschitz function / that does not belong to 

Remark 2. Let a > 0. There exists a function / in such that f ^ JJlSp, Sq) for 
any p > and q G (0, 1/a]. Indeed, it suffices to consider the unitary operators U and 
V constructed in the proof of Theorem 8.1 and take a function / G that does not 
belong to By^. 

Theorem 8.8. Let < p,q < +oo. Then Ap/g C V{Sp, Sq) if and only if 1 < p < q. 

Proof. If 1 < p,q < +00 or p > q, the result follows from Corollary 8.6 and Theorem 
8.7. On the other hand, ii p < q and p < 1, then Ap/^ ^ U(5'p, Sq) by Remark 2. ■ 

Theorem 8.9. Let < p,q < +oo. Then Lip C U{Sp, Sq) if and only if 1 < p < q 
or p < 1 < q. 

Proof. As in the proof of Theorem 8.8, it suffices to consider the case p < 1. It was 
shown in [NP] that Lip C \J{Si,Sq) C \J{Sp,Sq) if p < 1 < q. It remains to apply 
Remark 1. ■ 

Now we are going to obtain a quantitative refinement of Corollary 8.6. Let / G C(T). 
Put 

^f,P,qi^) '= sup - : 11^7 - V\\sp <S, U, V are unitary operators}. 

Lemma 8.10. Let U\ and U2 be a unitary operators with Ui — U2 & Sp. Then there 
exists a unitary operator V such that 

Ui - V s,, < " . " ^ and U2-V s< " " " 



4 " - 4 

Proof. Clearly, there exists a self-adjoint operator A such that exp(i74) = U^^U2 and 
Pll < TT. Note that ■K\e''^ - 1| > 2|6'| for \e\ < tt. Hence, \\A\\sp < ^\\Ui - U2\\sp- It 
remains to put V = Ui exp {^A). ■ 

Corollary 8.11. Let < q < +00. Then there exists a positive number Cq such that 
for every p G (0, 00), 

nf^p,q{26) <Cqnf^p^q{6), 5 > 0. 

Lemma 8.12. Let < p,q < oo and let f G V{Sp, Sq). Then 

nf,p,qin'/PS)>n'/^nf,p,qiS) 

for every positive integer n. 

Proof. The result is trivial if i^f^p^q{6) = or flf^p^q{6) = oo. Suppose now that 
< Qf^p^q(6) < oo. Fix £ G (0,1). Let U and V be unitary operators such that 

n n 

\\U - V\\sp < S and ||/(C/) - f{V)\\s, > (1 - e)nf,p,qi6). Put U = ® U and V = ® V 

j=i j=i 

(the orthogonal sum of n copies of U and V). Clearly, \\U-V\\sp< Sn^/P, and 

\\f{U)-f{V)\\s,>{l-s)ny''nf,p,q{S) 
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Hence, nf^p^g{n^/P 5) > (1 - e)n^/inf^p^g{5) for every e £ (0, 1). ■ 

Theorem 8.13. Let < p,q < oo and let f G \J{Sp, Sq). Then Q,f^p^q{6) < +oo for 
all 5 > and 

Sp/i s>o 6p/i ~ s>o Sp/i s-*oo 5pI<i 

where both limits exist in [0, +oo] . In particular, if f is a nonconstant function, then 
^f,p,q{^) < ci (5^/"? for every S G (0, 1] and ^lf^p^q{6) > C2 (5^/^ for every S G [1, oo), where 
c\ and C2 are positive numbers. 

Proof. Since J^/,p,g is nondecreasing. Corollary 8.11 implies that either i}f^p^q{S) is 
finite for all 6 > or i}f^p^q{S) = oo for all 6 > 0. The latter is impossible because we 
would be able to find sequences of unitary operators {Uj} and {Vj} such that 

0(c/, - y,) G but ^{f{u,)-fiVj))^Sq. 

j j 
Hence, Q,f^p^q{5) < +oo for all S > 0. We can find a sequence {Sj}j?^i of positive numbers 

such that Sj and lim SJ^^'^Uf p q{Sj) = limsup(5~*'/^r2^p q((5) =^ a. Fix e G (0,1). 

Then there exists a positive integer N such that 6~^^'^Q.f^p^q{Sj) > (1 — e)a for all j > N. 
Lemma 8.12 implies Q,f^p^q{n^/P 5j) > {1- e)a{n^^P 5j)P/'' for all j > and n > 0. Hence, 
^f,P,qi^) > (1 - £)aSP/'i for all 5 > and e G (0, 1). Thus J^/,p,g((5) > a(5P/« for all (5 > 
and lim 5~P/'^^f^p^q{5) = a. In the same way we can prove that 

sup .^'^ = lim -'f ', — . ■ 

5>0 (5?'/« 5-»0 (J?'/? 



9. Finite rank perturbations and necessary conditions. 
Self-adjoint operators 



We are going to obtain in this section analogs of the results of the previous section in 
the case of self-adjoint operators. We obtain estimates for f{A) — f{B) in the case when 
rank(^ — B) < oo. We also obtain some necessary conditions. In particular, we show 
that f{A)~f{B) does not have to belong to Si/^ under the assumptions rank(^— i?) = 1 
and / G Aa(M). 

However, there is a distinction between the case of unitary operators and the case of 
sclf-adjoint operators. To describe the class of functions / on M, for which f{A) — f{B) G 
Sq, whenever A — B £ Sp, we have to introduce the space Aa of functions on M that 
satisfy the Holder condition of order a uniformly on all intervals of length 1. 

We are going to deal in this section with Hankel operators on the Hardy class H'^{C^) 
of functions analytic in the upper half-plane C+. Recall that the space L^(M) can be 
represented as L^{R) = H^iC+) i^^(C_), where H'^{C-) is the Hardy class of func- 
tions analytic in the lower half-plane C_. We denote by P+ and P_ the orthogonal 
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projections onto i/^(C_|_) and i/^(C_). For a function ip in L°°(M), the Hankel operator 
: H^iC+) H^{C-) is defined by 

As in the case of Hankel operators on the Hardy class of functions analytic in D, the 
Hankel operators Hip of class Sp can be described in terms of Besov spaces: 

n^eSp ^ V-if e ^^^(M), < p < oo, (9.1) 

where the operator V- on is defined by 

and (j(C) =^ i(l + C)(l - C)"\ C G T. This was proved in [Pel] for p > 1, and in [Pe3] 
and [Se] for < p < 1, sec also [Pc6], Ch. 6. 

Note also that by Kroncckcr's theorem, J-itp has finite rank if and only if V-ip is a 
rational function (see [Pe6], Ch. 1). 

Recall that the Hilbert transform H is defined on L^(R) by Hg = —igj^ + ig-, where 

we use the notation g^ =^ -f+ff and g- =^ P-g- 

Theorem 9.1. Let A and B he hounded self-adjoint operators on Hilhert space such 
that rank(A — B) < oo. Then f{A) — f{B) G Si for every function f in Aq,(M). 

a ' 

Proof. Consider the Cayley transforms of A and B: 

U = {A-iI){A + iI)-^ and V = {B -iI){B + U)-'^. 

It is well known that U and V are unitary operators. Moreover, it is easy to see that 
rank(C/ — V) < oo. Indeed, 

{A - iI){A + i/)-i -{B- U){B + i/)-^ = 2i((B + i/)-^ -{A + i/)"^) 

= 2iiA + U)-\A-B){B + U)-\ 

and so rank(?7 — V)< rank(^ — B). 

Without loss of generality, wc may assume that / has compact support. Otherwise, 
we can multiply / by an infinitely smooth function with compact support that is equal 
to 1 on an interval containing the spectra of A and B. Consider the function /i on T 
defined by h{C) = /( - i(C + i)(C - i)"^) • Obviously, h G A^. 

By Theorem 8.1, h{U) - h{V) G -Si ^. It remains to observe that h{U) = f{A) and 

h{V) = f{B).U 

In § 5 we have proved Theorem 5.2 that says that the condition / G Aq(R) implies that 
f{A) - f{B) G Si , whenever A - B e Si. On the other hand, by Theorem 5.3, the 

a ' 

stronger condition / G S^^(M) implies that f{A) — f{B) G Si/^, whenever A — B E Si. 
The following result gives a necessary condition on / for the assumption A — _B G Si to 
imply that f{A) — f{B) G Si/q,. It shows that the condition / G Aq,(M) does not ensure 
that f{A) — f{B) G Sija even under the much stronger assumption that A — B has finite 
rank. 
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Theorem 9.2. Let f he a continuous function on M and let p > 0. Suppose that 
f(A) — f{B) G Sp, whenever A and B are bounded self-adjoint operators such that 
rank(A -B)<oo. Then fohe ^^^(M) for every rational function h that is real on M 
and has no pole at oo. 

Proof. Let (p G L°°(R) and let denote multiplication by (p. For g G i^^(M), we 
have 

M^g - H-^M^Hg = cpg + H{^{Hg)) (9.2) 

= ip- {(pg+)+ + {<pg-)+ + {vg+)- - {<pg-)- 

= f{9+ + 9-) - {'^9+)+ + {'^9-)+ + {f9+)- - {f9-)- 
= 2{ipg+)_ + 2{ipg_)+ = 2n^g+ + 2n*^g_. 

Hence, by (9.1), - H'^M^H G Sp if and only if 99 G Bp^^{R). Moreover, by 
Kronecker's theorem, ra'nk{M^ — H^^ H^pH) < +00 if and only if is a rational function. 

Suppose now that ^ is a rational function that takes real values on R and has no pole 
at 00. Define the bounded self-adjoint operators A and B by 

A =^ Mh, and B =^ R-'^MhH. 
By (9.2), rank(A - B) <oo. Again, by (9.2) with ip = f o h, ih.e 

f{A) - f{B) = Mf^h - H-^Mf,hH 

belongs to Sp if and only if / o /i g ^^^(M). ■ 

Note that the conclusion of Theorem 9.2 implies that / belongs to i?p^^(M) locally, i.e., 
the restriction of / to an arbitrary finite interval can be extended to a function of class 

Bl^'iR). 

Now we are going to show that Theorem 5.2 cannot be improved even under the 
assumption that rank(yl — B) = 1. 

Denote by i^e(^) ^^t of even functions in L^(M) and by -Z^o(^) ^^t of odd 
functions in L'^{R). Clearly, L'^(R) = L'^(R)eLl(R). Let p be an even function in L~(]R). 
Then L2(M) and Ll{R) are invariant subspaces of the operators and H ^M^pH. The 
orthogonal projections Pe and Pe onto -Z^e(^) ^"^^ ^o(^) ^^"^ given by 

{P^g){x) = ^ {g{x) + g{-x)) and {Po9){x) = \ {9{x) - g{-x)) . 

Lemma 9.3. Let (p{x) = (x^ + 1)~S x G R. Then {H(p){x) = x{x'^ + 1)"^ and 

M^f - H~'M^Hf = -if, ip)ip - -if, Hip)H^. 

TT TT 

In particular, 



M^f - H-^M^Hf 



-■^{f^Hip)Hip, f is odd. 
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Proof. It is easy to see that {x) = — rr , (fi- (x) = — ^ri—^ — rr , and {H(p) (x) 
x{x^ + X G M. Hence, 

M^f - H-'M^Hf = ipf + HipHf = 2((^/+)_ + 2(^/_)+ 

= 2(v._/+)_ + 2(v?+/_)+ 



X + 1 J X — 1 X + 1 

27r ('^ X + i) X — i 2-k ('^' x — i) x + i 

2 2 

= -{f,V+)^- + -{f,V-)'P+ 

TT TT 

= -{f,ip)^--{f,Hip)H<f. m 

Vr TT 

Corollary 9.4. Lei ip{x) = (.x^ + x G M. r/?.en rank(M^ - R-^M^H) = 2, 

rank(Pc(M^ - H-^M^H)P^) = 1 and rank(Po(M^ - H-^M^H)Po) = 1. 

Lemma 9.5. Let (p he an even function in L°°(M). Then 

SniiM^ - H-^M^H)P^) > V2snin^) 

and 

Proof. Note that P-{M^ - H~'^M^H)\H'^{C+) = 271^. It remains to observe that 
V2P+ acts isometrically from Ll{M) onto H'^{C+) and from Ll{M) onto i?^(C+). ■ 

Lemma 9.6. There exists a function p G C°°{T) such that p{() + p(iC) = 1; 
PiC) = p( C) for all C £ and p vanishes in a neighborhood of the set { — 1, 1}. 

Proof. Fix a function G C°°(T) such that V' vanishes in a neighborhood of the set 
{-1, 1}, V > 0, and V(C) + V'(iC) > for ah C G T. Put 

Clearly, po vanishes in a neighborhood of the set { — 1, 1}, po > 0, and po(C) + Po(iC) = 1 
for all C e T. It remains to put p(C) = ^(poCC) + Po(C)) • ■ 
In what follows we fix such a function p. 

Lemma 9.7. Let g be a function in A„ such that g{'iC) = 5(0 fof M C ^ Suppose 
that inf (n + l)"s„(iLg) > 0. Then inf (n + l)"s„(iLpg) > 0. 

n>0 n>0 
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Proof. Fix a positive p such that ap < 1. Clearly, there exists a positive number 
ci such that \\Hg\\%n > cin^~°'P for all n > 0. Note that ||i^p(2)g(2) ||s^ = \\Hp(iz)g(z)\\ Sa- 
lience, \\Hpg\\^g„ > ^cin^~'^P for all n > 0. By Lemma 8.3, there exists a positive number 
C2 such that Hi^pgll^n < C2n^~°^ for all n > 1. Hence, there exists an integer M such 
that \\Hpg\f - \\Hpg\\sn > n^~°'P for all n>l. Note that 

II^PsllsMn - WHpgrsr. < {M ~ l)n{Sn{H pg)Y . 

Thus (sn(ifpg))^ > ivi^n-"^' for all n > 1. ■ 

Lemma 9.8. There exists a real function qq G Aq, i/iat vanishes in a neighborhood of 
the set {—1, 1} and such that 5o(C) = 5o(C)7 C ^ ^n{Hgo) > (n + /or a/Z 

n > 0. 

Proof. Let g is the function given by (8.4). We can put go '= Cpg for a sufficiently 
large number C. ■ 

Theorem 9.9. Let a > 0. Let ip{x) = (x^ + Consider the operators A and B 

on Ll{R) defined by Ag = H~^M^Hg and Bg = ipg. Then 

(i) rank(^ - B) = l, 

(ii) there exists a real bounded function h G Aq(IR) such that 

> (n+l)-°, n>0. 

Proof. The equality rank(74 — i?) = 1 is a consequence of Corollary 9.4. Let go be 
the function obtained in Lemma 9.8. It is easy to see that there exists a real bounded 

function h G Aq,(R) such that h{(f{x)) = go jjr^ . It is well known (see [Pe6], Ch. 1, 

Sec. 8) that Tihotp can be obtained from Hg^ by multiplying on the left and on the right 
by unitary operators. Hence, by Lemma 9.5, 

SnifiB) - f{A)) > V2Sn{Hho<p) = V2Sn{Hg,) > V2{n + 1)-". ■ 

Remark. The same result holds if we consider operators A and B on -Z^o(M) defined 
in the same way. 

In § 5 we have obtained sufficient conditions on a function / on R for the condition 
A — B £ Sp to imply that f{A) — f{B) £ Sq for certain p and q. We are going to obtain 
here necessary conditions and consider other values p and q. 

As in the case of functions on T, we consider the space Lip(]R) of Lipschitz functions 
on M such that 

\x-y\ J 

For a G (0, 1], we denote by the set of all functions defined on M and satisfying 
the Holder condition of the order a uniformly on all intervals of a fixed length: 

def (\f{x)-f{y)\ , I 

||/IU„ = sup I \x-y\o^ ■ ^'^ ^ ^' ^^y^ k -y| < 1| < +00. 
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def 

Lip{R) — sup 



Clearly, / G if and only if ujf{S) < const 5" for 6 G (0, 1]. Note that 

Ai = Lip(M). 

Lemma 9.10. LetO <a <1. Then = A^W + Lip(M). 

Proof. The inclusion Aq(M) +Lip(IR) C A^ is evident. Let / € A„. We can consider 

the piecewise linear function /o such that fo{n) = f{n) and / [n,ra + 1] is linear for all 

n G Z. Clearly, /o G Lip(IR) and / - /o G Aa(M). ■ 

Denote by SA(S'p, Sq) the set of all continuous functions / on M such that 

f{B) — f{A) G Sq, whenever A and B are self-adjoint operators such that B — A ^ Sp. 

We also denote by SAc(S'p, Sq) the set of all continuous functions / on R such that 
f{B) — f{A) G Sq, whenever A and B are commuting self-adjoint operators such that 
B-AeSp. 

Theorem 9.11. Let < p,q < +oo. Then SAc{Sp, Sq) = Apjq for p < q and the 
space SAc{Sp, Sq) is trivial for p > q. 

Proof. To prove the inclusion Apjq C SAc{Sp,Sq), it sufhccs to observe that 
/ G SAc(S^p, Sq) if and only if for every two sequences {xn} and {j/n} in ^ 

5Z|xn-ynr<+oo =^ ^|/(x„)-/(y„)|^<+oo. (9.3) 

Condition (9.3) easily implies that ojf{5) < +00 for some ^ > 0, and so for all (5 > 0. To 
complete the proof, wc have to prove that (9.3) implies that Uf{5) < C^f/" for 5 G (0, 1]. 
This can be done in exactly the same way as in the case of unitary operators, see the 
proof of Theorem 8.5. ■ 

The following result is an immediate consequence of Theorem 9.11. 

Theorem 9.12. Let < p,q < +00. Then SA{Sp, Sq) C -^p/q for p < q and 
SA{Sp, Sq) is trivial forp > q. 

Theorem 9.13. Let 1 < p < q < +00. Then SA{Sp, Sq) = Ap/q. 

Proof. In view of Theorem 9.12, we have to prove that Ap/q C SA{Sp, Sq). In 

the case p = q this was proved by Potapov and Sukochev [PS]. Suppose now that 
p < q- By Lemma 9.10, it is sufficient to verify that Lip(M) C SA{Sp, Sq) and 
Ap/q{M.) C SA{Sp, Sq). The first inclusion follows from the results of [PS] as well as 
from the results of [NP]. Indeed, Lip(R) C SA{Sp,Sp) C SA{Sp,Sq). The inclusion 
Ap/g(M) C SA{Sp,Sq) follows from Theorem 5.8. ■ 

Theorem 9.14. IfO<p,q<l, then Lip(R) ^ SA{Sp,Sq). If < a < 1, < p < 1, 

andO<q< 1/a, then Aq(R) (t SA{Sp, Sq). 

Proof. The result follows from Theorem 9.2. Indeed, there exists a function in Lip(R) 
which does not belong to -Bj(^) locally, and for each a G (0, 1) there exists a function 
in Aq,(M) that does not belong to Bf^^{R) locally. ■ 

Theorem 9.15. Let < q,p < +00. Then Ap/q{R) C SA{Sp,Sq) if and only if 
1 <p<q. 
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Proof. If 1 < q,p < +00 01 q < p, the result follows Theorems 9.13 and 9.12. lip < q 
and p<l, then Ap/y(M) (Z: SA{Sp, Sg) by Theorem 9.14. ■. 

Theorem 9.16. Let < p,q < +00. Then Lip(M) C SA{Sp,Sq) if and only if 
l<p<qorp<l<q. 

Proof. In the same way as in the proof of Theorem 9.15, we see that it suffices to 
consider the case p < I. Prom the results of [NP] or the results of [PS] it follows that 
Lip(M) C SA{Si,Sg) C SA{Sp,Sg) if p < 1 < g. The converse follows from Theorem 
9.14. ■ 

Now we are going to obtain a quantitative refinement of Theorem 9.12. Let / G C(M). 
Put 

^/,p,ij(<^) *== sup { ||/(^) — : ||yl — i?||sp < (5, A, B are self-adjoint operators}. 
It is easy to see that given q > 0, there exists a positive number Cg such that 

Theorem 9.17. Let < p,q < 00 and let f G SA{Sp, Sg). Then < +00 for 

all S > and 

s-^o 6p/i s>o 5p/<i ~ 5>o 5pIi <5-^+oo 5pIi 

(both limits exist and take values in [0, 00]^. In particular, if f is a nonconstant function, 
then Q.f.p^g[5) < ci S^l'^ for every 5 G (0, 1] and Uf^p^q{S) > 02 S^l'^ for every S G [1, +00), 
where ci and C2 are positive numbers. 

The proof of Theorem 9.17 is the same as that of Theorem 8.13. 

Theorem 9.18. Let f G (7(M) and p G [l,-|-oo). Then either ^f^p^p{S) = +00 for all 
6 > or f^p^p is a linear function. 

Proof. If / ^ SA(5p, Sp), then = +00 for all 5 > 0. 

Suppose now that / G SA(Sp, Sp). By the analog of Lemma 8.12 for self-adjoint 
operators (it is easy to see that it holds for self-adjoint operators), 0/^p^p(n5) > nQ,f^p^p{6) 
for all positive integer n. On the other hand, clearly, ^f^p^p{nS) < nilf^p^p{S) for all 
positive integer n. Hence, ^f,p,p is a linear function. ■ 



10. Spectral shift function for second order differences 

In this section we obtain trace formulae for second order differences in the case of 
sclf-adjoint operators and unitary operators. 

By Theorem 5.11, if ^ is a self-adjoint operator, K is a self-adjoint operator of class 
5^2 and / G -B^i(M), then f{A + K)- 2f{A) +f{A- K) G Si. We are going to obtain 
a formula for the trace of this operator. 

42 



Theorem 10.1. Let A be a self-adjoint operator and K a self-adjoint operator of class 
82- Then there exists a unique function q G L^(M) such that for every f G B'^^i 



trace {f{A + - 2f{A) + f{A - K)) = [ /"(a;)?(a;) dm{x). (10.1) 

Moreover, <i{x) > 0, x G M. 

Definition. The function ? satisfying (10.1) is called the second order spectral shift 

function associated with the pair {A,K). 

We are going to use the spectral shift function of Koplienko. Koplienko proved in [Ko] 
that with each pair of a self-adjoint operator A and a self-adjoint operator K of class 
S2, there exists a function r) G L^(M) such that rj > and for every rational function / 
with poles off M, the following trace formula holds 

trace (^f{A + K) - f{A) - jJ{A + tK)\^^^ = ^ f"{x)ri{x) dm{x). (10.2) 

The function rj is called the Koplienko spectral shift function associated with the pair 
{A,K). Note that later in [Pe7] it was proved that trace formula (10.2) holds for 
/ G -B^i(R). Note that the derivative 

^f{A + tK) 

exists under the condition / G i?^]^(IR) (see [Pe5] and [Pe8]) and does not have to exist 
under the condition / G 5^^(]R). However, in the case / G S^]^(M), by 



f{A + K)-f{A)-j^f{A + tK) 



t=o 



we can understand 



J2 (fn{A + K)- fn{A) - |/„(A + tK) 



t=0 



and the series converges absolutely, see [Pe7]. Here, as usual, fn'= f * fn + f * wl. 

Proof of Theorem 10.1. Let rji be the spectral shift function associated with the 
pair {A,K) and let 1J2 be the spectral shift function associated with the pair (A, —K). 
We have 

trace lyf{A + K)-f{A)- j^f{A + tK)\^^^ = f"{x)m (x) dm{x) 

and 

trace (^f{A - K) - f{A) - j^f{A - tK)\^^^ = f"{x)m{x) dm{x) 
for / G -B^i(M). Taking the sum, we obtain 

tTS.ce{f{A + K)-2f{A) + f{A-K))= I f"{x){rii{x) + ^2{x))dm{x). 



It remains to put *== ??i + 772 • 
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Uniqueness is obvious. ■ 

We proceed now to the case of unitary operators. Suppose that t/ is a unitary operator 
and is a unitary operator such that I — Y ^ 82- It foUows from Theorem 6.11 that if 
/ G -B^i, then /(rC/) - 2f{U) + 2{y*U) G Si. We are going to obtain a trace formula 
for this operator. 

Theorem 10.2. Let U be a unitary operator and let Y be a unitary operator such 
that I — Y E 82- Then there exists an integrable function ? on T such that 



It is easy to see that q is determined by (10.3) modulo a constant. It is called a second 
order spectral shift function associated with the pair (U,y). 

We are going to use a trace formula of Neidhardt [Ne], which is an analog of the 
Koplienko trace formula for unitary operators. 

Suppose that U and V be unitary operators such that U — V G 82- Then V can be 
represented as V = e'-^U, where ^ is a self-adjoint operator of class 82 whose spectrum 
<j{A) is a subset of (— 7r,7r]. It was shown in [Ne] that one can associate with the pair 
{U, V) a function rj in L^(T) (a Neidhardt spectral shift function) such that if the second 
derivative /" of a function / has absolutely converging Fourier series, then 



Later it was shown in [Pe7] that formula (10.4) holds for an arbitrary function / in B^^. 

Proof of Theorem 10.2. We can represent Y as Y = e'"^, where A is a self-adjoint 
operator of class 82 such that the spectrum cf{A) of ^ is a subset of (— tt, tt]. 

def 

Let Vi = YU . Clearly, Vi is a unitary operator and U — Vi £ 82- We can represent 
Y as y = e^^, where ^ is a self-adjoint operator of class 82 such that (7{A) C (— 7r,7r]. 

We have Vi = e'^U. Let V2 =^ y*U. Then U -V2€ 82 and V2 = e-'^f/. 

Let rji be the Neidhardt spectral shift function associated with {U,Vi) and let 772 be 
the Neidhardt spectral shift function associated with ([/, ^2)- We have 




(10.3) 




(10.4) 




and 




for / G B^^. Taking the sum, we obtain 

trace (/(^C/) - 2f{U) + 2{y*U)) 



trace (/(Vi) 



2f{U) + f{V2)) 




It remains to put ^ = r]i + r]2- M 
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11. Commutators and quasicommutators 



In this section we obtain estimates for the norm of quasicommutators f{A)Q — Qf{B) 
in terms of \\AQ — QB\\ for self-adjoint operators A and B and a bounded operator Q. 
We assume for simpHcity that A and B are bounded. However, we obtain estimates 
that do not depend on the norms of A and B. In [APS] we wiU consider the case of 
not necessarily bounded operators A and B. Note that in the special case A = B, this 
problem turns into the problem of estimating the norm of commutators f{A)Q — Qf(^A) 
in terms of \\AQ — QA\\. On the other hand, in the special case Q = I the problem turns 
into the problem of estimating ||/(^) — in terms ||^ — -B||. 

Similar results can be obtained for unitary operators and for contractions. 

Birman and Solomyak (see [BS6]) discovered the following formula 

f{A)Q-Qf{B) = J J M^^MdEA{x){AQ-QB)dEB{y), 

whenever / is a function, for which 23/ is a Schur multiplier of class ^{Ea,Eb) (see 
§4). 

Theorem 11.1. Let < a < 1. There exists a positive number c > such that for 
every I > 0, p & [l,oo), / G Aq,(R), for arbitrary bounded self-adjoint operators A and 
B and an arbitrary bounded operator Q, the following inequality holds: 

Sj{fiA)Q - Qf{B)) < c ||/||a,(r)(1 + jr"/"IIQf ""PQ - BQrsi^ 

for every j < I. 

Proof. Clearly, we may assume that Q 7^ 0. As usual, fn = f* Wn + f * Wn, n G Z. 
Fix an integer A^. We have by (4.7) and (4.9), 



N 



^ {fn{A)Q-Qf^{B)) 



N 



< ^ \\fn{A)Q-Qf^{B)\\, 



ql n=—oo 



On the other hand. 



Yl {fniA)Q-QfniB)) 

n>N 



N 



< const ^ 2"||/„||iocPQ-Q5||5i_ 

n=— 00 

< const 2^(1-") ||/|U^(K)Pg - QBWsi . 



<2||Q||^||/„| 



n>N 



< const 



,||g||^2-""<const2-^"||/|U„(M)||Q||. 



n>N 



45 



Put 



N 

Xn= J2 {UA)Q-QU{B)) and liv = J] - Q/n(S)) • 

n=—ao n>N 

Clearly, for j < I, 

sj{f{A)Q - Qf{B)) < sj{Xn) + \\Ym\\ < {l+j)--^\\AQ - gfi||^, + \\Ym\\ 

< const ||/|U„(M)((l+j)"^2^(i-")pg-QS||5.+2-^"||Q||). 
To obtain the desired estimate, it suffices to choose the number N so that 

2-^ < {l+j)-'/P\\AQ - QB\\s^ \\Q\r' < 2-^+1. ■ 

p 

The proofs of the remaining results of this section are the same as those of the results 
of § 5 for first order differences. 

Theorem 11.2. Let < a < 1. There exists a positive number c > such that for 

every f G A„(]R), for arbitrary bounded self-adjoint operators A and B with AQ — QB G 
Si and an arbitrary bounded operator Q, the operator f{A)Q — Qf{B) belongs to Si_ 
and the following inequality holds: 

\\f{A)Q-Qf{B)\\ <c\\fU^^^)\\Q\\'-^AQ-BQrs,- 

Theorem 11.3. Let < a < 1. There exists a positive number c > such that for 
every f G i?^]^(M), for arbitrary bounded self-adjoint operators A and B with AQ — QB G 
Si and an arbitrary bounded operator Q, the operator f(A)Q — Qf{B) belongs to Si/^ 
and the following inequality holds: 

||/(^)Q-Q/(5)||^^^^<c||/||Bs^,(M)||Qr-"PQ-Q5|||^. 

Theorem 11.4. Let < a < 1. There exists a positive number c > such that for 
every f G Aa(M), for arbitrary bounded self-adjoint operators A and B and an arbitrary 
bounded operator Q on Hilbert space, the following inequality holds: 

<c||/||l/;(^)||Q||^a,-(AQ-QS), j>0. 

Theorem 11.5. Let < a < 1. There exists a positive number c > such that for 
every f G Aq,(M), for an arbitrary quasinormed ideal 3 with /J^ < 1, for arbitrary bounded 

self-adjoint operators A and B with AQ — QB G 3, the operator \f{A)Q — Q/(i?)|^^" 
belongs to 3 and the following inequality holds: 

I \f{A)Q - Q/(B)|^/"||^ < cCM\]!:^^)\\Q\\'^\\AQ - QBh. 

Theorem 11.6. Let < a < 1 and 1 < p < oo. There exists a positive number c 
such that for every f G Ao,(M), every I G Z+, for arbitrary bounded self-adjoint operators 
A and B and an arbitrary bounded operator Q, the following inequality holds: 

y: {s,{\fiA)Q - Qf{B)\'/'')y < cii/ir/;(«)iigir^ Yi i'^i^Q - QB)r- 

j=0 j=0 
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Theorem 11.7. Let < a < 1 and 1 < p < oo. There exists a positive number c 
such that for every f £ Aq,(]R), for arbitrary bounded self-adjoint operators A and B, 
and for an arbitrary bounded operator Q, the operator f{A)Q — Qf{B) belongs to Sp/^^ 
and the following inequality holds: 

\\f{A)Q - Qf{B)\L < c ||/||A„(M)IIQir-"PQ - QBirs^. 
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